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(G, χφ)-EQUIVARIANT φ-COORDINATED QUASI MODULES FOR
NONLOCAL VERTEX ALGEBRAS
NAIHUAN JING1, FEI KONG2, HAISHENG LI3, AND SHAOBIN TAN4
Abstract. In this paper, we study (G,χφ)-equivariant φ-coordinated quasi mod-
ules for nonlocal vertex algebras. Among the main results, we establish several
conceptual results, including a generalized commutator formula and a general
construction of weak quantum vertex algebras and their (G,χφ)-equivariant φ-
coordinated quasi modules. As an application, we also construct (equivariant)
φ-coordinated quasi modules for lattice vertex algebras by using Lepowsky’s work
on twisted vertex operators.
1. Introduction
In vertex algebra theory, among the most important notions are module and
twisted module, which were introduced in the early development (see [FLM]). Later,
a notion of quasi module, generalizing that of module, was introduced in [Li2] in
order to associate vertex algebras to a certain family of infinite-dimensional Lie
algebras. Indeed, with this generalization vertex algebras can be associated to a
much wider variety of infinite-dimensional Lie algebras. To study quasi modules
more effectively, vertex algebras with a certain enhanced structure, called Γ-vertex
algebras, were studied in [Li5] (cf. [Li2]), and meanwhile a notion of equivariant
quasi module for a Γ-vertex algebra was introduced. The notion of quasi module
actually has a close relation with that of twisted module; It was proved in [Li6]
that for a general vertex operator algebra V in the sense of [FLM] and [FHL] with
a finite order automorphism σ, the category of σ-twisted V -modules is canonically
isomorphic to a subcategory of equivariant quasi V -modules.
In [EK], Etingof and Kazhdan introduced a fundamental notion of quantum ver-
tex operator algebra in the sense of formal deformation, where a key axiom is called
S-locality. With this as one of the main motivations, a theory of (weak) quan-
tum vertex algebras and their quasi modules was developed in [Li3, Li4], where
quantum vertex algebras are natural generalizations of vertex algebras and vertex
super-algebras. It has been well understood that vertex algebras are analogues and
generalizations of commutative and associative algebras. What were called nonlo-
cal vertex algebras are noncommutative associative algebra counterparts of vertex
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algebras, which were studied independently in [BK] as field algebras and in [Li1] as
axiomatic G1-vertex algebras. A weak quantum vertex algebra is simply a nonlocal
vertex algebra that satisfies the S-locality.
With the goal to associate quantum vertex algebras in the sense of [Li3] to quan-
tum affine algebras, a theory of what were called φ-coordinated quasi modules for
quantum vertex algebras was developed in [Li8, Li9]. In this theory, φ is what was
called an associate of the 1-dimensional additive formal group, where usual quasi
modules are simply φ-coordinated quasi modules with φ taken to be the formal
group itself. By using this new theory with φ taken to be another particular asso-
ciate, weak quantum vertex algebras were associated conceptually to quantum affine
algebras. It remains to make this conceptual association explicit.
The current paper is one in a series to establish and study explicit associations
of quantum vertex algebras to various algebras such as quantum affine algebras. In
this paper, we systematically study φ-coordinated quasi modules for general nonlocal
vertex algebras and establish certain general results, laying the foundation for this
series of studies. Among the main results, we obtain certain generalized commutator
relations for vertex operators on nonlocal vertex algebras and their φ-coordinated
quasi modules, and we give a general construction of weak quantum vertex algebras
and φ-coordinated quasi modules. Furthermore, we construct φ-coordinated quasi
modules for vertex algebras associated to nondegenerate even lattices.
Now, we continue the introduction with more technical details. Let us start with
the notion of vertex algebra. For a vertex algebra V , among the main ingredients is
a linear map Y (·, x) : V → (EndV )[[x, x−1]], called the vertex operator map, where
the main axioms are weak commutativity (namely, locality): For any u, v ∈ V , there
exists a nonnegative integer k such that
(x1 − x2)
kY (u, x1)Y (v, x2) = (x1 − x2)
kY (v, x2)Y (u, x1)(1.1)
and weak associativity: For any u, v ∈ V, w ∈ W , there exists a nonnegative integer
l such that
(x0 + x2)
lY (u, x0 + x2)Y (v, x2)w = (x0 + x2)
lY (Y (u, x0)v, x2)w.(1.2)
Let V be a vertex algebra. For a V -module W with YW (·, x) denoting the vertex
operator map, literally the same locality and the same weak associativity hold. That
is, for any u, v ∈ V , there exists a nonnegative integer k such that
(x1 − x2)
kYW (u, x1)YW (v, x2) = (x1 − x2)
kYW (v, x2)YW (u, x1)(1.3)
and for any u, v ∈ V, w ∈ W , there exists a nonnegative integer l such that
(x0 + x2)
lYW (u, x0 + x2)YW (v, x2)w = (x0 + x2)
lYW (Y (u, x0)v, x2)w.(1.4)
Note that in the definition of a module weak associativity alone is sufficient.
As for a quasi module (W,YW ) for a vertex algebra V , the key difference is that
vertex operators YW (v, x) on W for v ∈ V , instead of being local, are quasi local in
the sense that for u, v ∈ V , there exists a nonzero polynomial p(x1, x2) such that
p(x1, x2)YW (u, x1)YW (v, x2) = p(x1, x2)YW (v, x2)YW (u, x1).(1.5)
Correspondingly, quasi modules satisfy quasi weak associativity: For any u, v ∈
V, w ∈ W , there exists a nonzero polynomial q(x1, x2) such that
q(x0 + x2, x2)YW (u, x0 + x2)YW (v, x2)w = q(x0 + x2, x2)YW (Y (u, x0)v, x2)w.(1.6)
Notice that in the definitions of the notions of module and quasi module (and
twisted module as well) for a vertex algebra, a common phenomenon is the formal
substitution x1 = x2+x0 in the weak associativity axiom. Polynomial F (x, y) = x+y
is known as the 1-dimensional additive formal group (law) and the role of the formal
group played in vertex algebra theory has long been recognized (cf. [Bo]). What
is new is a role played by what was called associate of F (x, y). By definition (see
[Li8]), an associate is a formal series φ(x, z) ∈ C((x))[[z]], satisfying the condition
φ(x, 0) = x, φ(φ(x, y), z) = φ(x, y + z).
We see that an associate to F (x, y) is the same as a G-set to a group G. It was
proved therein that for any p(x) ∈ C((x)), the formal series φ(x, z) defined by
φ(x, z) = ezp(x)
d
dxx is an associate of F (x, y) and every associate is of this form.
In particular, taking p(x) = 1 we get φ(x, z) = x + z = F (x, z), whereas taking
p(x) = x, we get φ(x, z) = xez . The essence of [Li8] is that to each associate φ(x, z),
a theory of φ-coordinated quasi modules for a general nonlocal vertex algebra V is
attached. The main defining property for φ-coordinated quasi modules is the weak
φ-associativity: For any u, v ∈ V , there exists a nonzero polynomial p(x1, x2) such
that
p(x1, x2)YW (u, x1)YW (v, x2) ∈ Hom(W,W ((x1, x2)))(1.7)
and
(p(x1, x2)YW (u, x1)YW (v, x2)) |x1=φ(x2,x0) = p(φ(x2, x0), x2)YW (Y (u, x0)v, x2).
Let G be a group with a linear character χ. By a (G, χ)-module nonlocal vertex
algebra we mean a nonlocal vertex algebra V together with a representation R of G
on V such that R(g)1 = 1 and
R(g)Y (u, x)R(g)−1 = Y (R(g)u, χ(g)x)
on V for g ∈ G, u ∈ V . This notion slightly generalizes that of Γ-vertex algebra,
introduced in [Li5] (cf. [Li2]). Note that if χ is the trivial character, G acts on
V as an automorphism group. Assume that V is a (G, χ)-module nonlocal vertex
algebra. Let χφ be another linear character of G such that
φ(x, χ(g)z) = χφ(g)φ(χφ(g)
−1x, z) for g ∈ G.
We define a (G, χφ)-equivariant φ-coordinated quasi V -module to be a φ-coordinated
quasi V -module (W,YW ) satisfying the conditions that
YW (R(g)u, x) = YW (u, χφ(g)
−1x) for g ∈ G, u ∈ V
and that for u, v ∈ V , there exists a nonzero polynomial f(x) whose zeroes are
contained in χφ(G) such that
f(x1/x2)YW (u, x1)YW (v, x2) ∈ Hom(W,W ((x1, x2))).(1.8)
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In this paper, we mostly restrict ourselves to the case with φ(x, z) = φr(x, z) :=
ezx
r+1 d
dxx where r ∈ Z. This very notion with φ(x, z) = φ−1(x, z) = x + z is
reduced to the notion of G-equivariant quasi module studied in [Li5], and with
φ(x, z) = φ0(x, z) = xe
z is reduced to the notion of G-equivariant φ-coordinated
quasi module studied in [Li9]. As one of the main results of this paper, we obtain
a generalized commutator formula for nonlocal vertex algebras generated by vertex
operators on vector spaces.
Note that φr-coordinated modules for vertex algebras have been previously studied
in [BLP], where a Jacobi type identity and a commutator formula for φr-coordinated
modules were obtained, and φr-coordinated modules for vertex algebras associated
to Novikov algebras by Primc were also studied.
In vertex algebra theory, vertex algebras VL associated to nondegenerate even
lattices L (see [Bo], [FLM]) play an important role. These vertex algebras have been
well studied in literature and their irreducible modules as well as twisted modules
have been constructed and classified (see [L], [FLM], [D1], [D2], [DL1], [DL2]; [LL]).
In this paper, using the work of Lepowsky on twisted vertex operators [L], we
construct (G, χφ)-equivariant φ-coordinated quasi VL-modules with G = 〈µ̂〉, where
µ̂ is an automorphism of VL, lifted from a certain isometry µ of L. Note that an
associative algebra A(L) was introduced and used in [LL] as an essential tool in
the construction of VL-modules. This algebra A(L) also plays a crucial role in the
current paper for our construction of φ-coordinated quasi VL-modules.
This paper is organized as follows. In Section 2, we revisit formal calculus in-
volving associates of the additive formal group and delta functions. In Section 3,
we establish several general results on equivariant φ-coordinated quasi modules for
nonlocal vertex algebras. In Section 4, we give a vertex operator construction of
(ZN , χφ)-equivariant φ-coordinated quasi VL-modules.
2. φ-coordinated quasi modules for nonlocal vertex algebras
In this section, we revisit φ-coordinated quasi modules for nonlocal vertex alge-
bras. As the main results, we establish several technical results, including a gen-
eralized commutator formula (Theorem 2.19) and a general construction of weak
quantum vertex algebras and φ-coordinated quasi modules (Theorem 2.23).
2.1. Associates of formal groups. In this subsection, we first briefly recall from
[Li8] the notion of associate for the additive formal group (law) and some basic
results, and then we present some technical results on delta functions (Lemma 2.5).
A one-dimensional formal group (law) over C (cf. [H]) is a formal power series
F (x, y) ∈ C[[x, y]] such that
F (0, y) = y, F (x, 0) = x, F (F (x, y), z) = F (x, F (y, z)).
A typical example of one-dimensional formal group is the additive formal group
Fa(x, y) = x+ y, simply denoted by Fa.
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Let F (x, y) be a one-dimensional formal group over C. An associate of F (x, y) is
a formal series φ(x, z) ∈ C((x))[[z]], satisfying the condition that
φ(x, 0) = x, φ(φ(x, y), z) = φ(x, F (y, z)).
The following classification result was obtained in [Li8]:
Proposition 2.1. Let p(x) ∈ C((x)). Set
φ(x, z) = ezp(x)
d
dxx =
∑
n≥0
zn
n!
(
p(x)
d
dx
)n
x ∈ C((x))[[z]].
Then φ(x, z) is an associate of Fa(x, y). On the other hand, every associate of
Fa(x, y) is of this form with p(x) uniquely determined.
Remark 2.2. Notice that taking p(x) = 1 in Proposition 2.1, we get φ(x, z) =
x+ z = Fa(x, z) (the formal group itself), and taking p(x) = x we get φ(x, z) = xe
z .
For convenience, for n ∈ N, set
∂nz =
(
∂
∂z
)n
and ∂(n)z =
1
n!
(
∂
∂z
)n
.(2.1)
From now on, we assume that φ(x, z) is an associate of Fa with φ(x, z) 6= x, that
is, φ(x, z) = ezp(x)
d
dxx with p(x) 6= 0.
Remark 2.3. We here recall some basic facts and conventions from [Li8, Remark
2.6, Lemma 2.7]. First of all, for every f(x1, x2) ∈ C((x1, x2)), f(φ(x, z), x) exists in
C((x))[[z]]. Furthermore, the correspondence f(x1, x) 7→ f(φ(x, z), x) gives a ring
embedding
πφ : C((x1, x))→ C((x))[[z]] ⊂ C((x))((z)).
Denote by C∗((x1, x)) the fraction field of C((x1, x)). Then πφ naturally extends to
a field embedding
π∗φ : C∗((x1, x))→ C((x))((z)).
As a convention, for any f(x1, x) ∈ C∗((x1, x)), we shall view f(φ(x, z), x) as an
element of C((x))((z)) through this field embedding π∗φ.
Remark 2.4. Note that for any f(x1, x2) ∈ C((x1, x2)), f(φ(x, y), φ(x, z)) equals( ∑
m,n≥0
ymzn
(p(x1)∂x1)
m
m!
(p(x2)∂x2)
n
n!
f(x1, x2)
)
|x1=x2=x,
which exists in C((x))[[y, z]]. Suppose f(φ(x, z), φ(x, y)) = 0. Then f(φ(x, z), x) =
f(φ(x, z), φ(x, 0)) = 0. From Remark 2.3, we have f(x1, x2) = 0. Therefore, the
correspondence
f(x1, x2) 7→ f(φ(x, y), φ(x, z))
is a ring embedding of C((x1, x2)) into C((x))[[y, z]]. Just as with other iota-maps,
we have field embeddings
ιx,y,z : C∗((x1, x2))→ C((x))((y))((z)),(2.2)
ιx,z,y : C∗((x1, x2))→ C((x))((z))((y)).(2.3)
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As a convention, for f(x1, x2) ∈ C∗((x1, x2)), we shall view f(φ(x, y), φ(x, z)) as an
element of the fraction field of C((x))[[y, z]].
The following are some results about (formal) delta-functions:
Lemma 2.5. Let c ∈ C×. Set
∆c(x1, x2, z) = e
zp(x2)∂x2
p(x1)
x1 − cx2
∈ C∗((x1, x2))[[z]].
Then
(ιx1,x2,z − ιx2,x1,z)∆c(x1, x2, z) = e
zp(x2)∂x2p(x1)x
−1
1 δ
(
cx2
x1
)
,(2.4)
∆c(x1, φ(x2, w), z) = ∆c(x1, x2, w + z),(2.5)
∆c(c
′x2, x2, z) ∈ C((x2))[[z]] for c
′ 6= c,(2.6)
and
(ιx,x1,x2,z − ιx,x2,x1,z)∆c(φ(x, x1), φ(x, x2), z) =
{
ez∂x2x−11 δ
(
x2
x1
)
if c = 1,
0 if c 6= 1.
(2.7)
Proof. Relation (2.4) follows immediately from the fact
x−11 δ
(
cx2
x1
)
= ιx1,x2
(
1
x1 − cx2
)
− ιx2,x1
(
1
x1 − cx2
)
.
Note that
∆c(x1, x2, z) =
p(x1)
x1 − cφ(x2, z)
.
Using this we get (2.5) and (2.6). We also have
∆c(φ(x, x1), φ(x, x2), z) =
p(φ(x, x1))
φ(x, x1)− cφ(φ(x, x2), z)
=
p(φ(x, x1))
φ(x, x1)− cφ(x, x2 + z)
.
If c 6= 1, as φ(x, 0)−cφ(x, 0) = (1−c)x 6= 0, we see that φ(x, x1)−cφ(x, x2) is invert-
ible in C((x))[[x1, x2]]. Consequently, ∆c(φ(x, x1), φ(x, x2), z) ∈ C((x))[[x1, x2, z]]
and hence
(ιx,x1,x2,z − ιx,x2,x1,z)∆c(φ(x, x1), φ(x, x2), z) = 0.
Now, we consider the case c = 1. As φ(x, 0) = x, we have
φ(x, x1)− φ(x, x2) = (x1 − x2)F (x, x1, x2)
for some F (x, x1, x2) ∈ C((x))[[x1, x2]]. We see that F (x, 0, 0) = p(x), so that
F (x, x1, x2) is an invertible element of C((x))[[x1, x2]]. In view of this, we have
ιx,x1,x2
(
p(φ(x, x1))
F (x, x1, x2)
)
= ιx,x2,x1
(
p(φ(x, x1))
F (x, x1, x2)
)
.
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Then we get
(ιx,x1,x2 − ιx,x2,x1)
p(φ(x, x1))
φ(x, x1)− φ(x, x2)
= (ιx,x1,x2 − ιx,x2,x1)
1
x1 − x2
·
p(φ(x, x1))
F (x, x1, x2)
=
(
ιx1,x2
1
x1 − x2
− ιx2,x1
1
x1 − x2
)
ιx,x1,x2
(
p(φ(x, x1))
F (x, x1, x2)
)
=x−11 δ
(
x2
x1
)
ιx,x1,x2
p(φ(x, x1))
φ(x,x1)−φ(x,x2)
x1−x2
=x−11 δ
(
x2
x1
)
ιx,x2
(
p(φ(x, x2))
∂x2φ(x, x2)
)
=x−11 δ
(
x2
x1
)
,
noticing that
∂x2φ(x, x2) = e
x2p(x)∂x(p(x)∂x)x = e
x2p(x)∂xp(x) = p(φ(x, x2)).
Using this, we get
(ιx,x1,x2,z − ιx,x2,x1,z)∆(φ(x, x1), φ(x, x2), z)
= (ιx,x1,x2,z − ιx,x2,x1,z)
p(φ(x, x1))
φ(x, x1)− φ(x, x2 + z)
=ez∂x2 (ιx,x1,x2 − ιx,x2,x1)
p(φ(x, x1))
φ(x, x1)− φ(x, x2)
=ez∂x2x−11 δ
(
x2
x1
)
,
as desired. 
Note that
∆(x1, x2, z) = e
zp(x2)∂x2
p(x1)
x1 − x2
=
∑
k≥0
1
k!
zk (p(x2)∂x2)
k p(x1)
x1 − x2
.
As an immediate consequence we have:
Corollary 2.6. For k ∈ N, set
Fk(x1, x2) = (p(x2)∂x2)
k p(x1)
x1 − x2
∈ C∗((x1, x2)).
Then
(ιx1,x2 − ιx2,x1)Fk(x1, x2) = (p(x2)∂x2)
k p(x1)x
−1
1 δ
(
x2
x1
)
,
(ιx,x1,x2 − ιx,x2,x1)Fk(φ(x, x1), φ(x, x2)) = ∂
k
x2
x−11 δ
(
x2
x1
)
.
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Lemma 2.7. Let Γ = {c1, . . . , ck} be a finite nonempty subset of C
×. Set
∆Γ(x1, x2, z1, . . . , zk) =
k∏
i=1
∆ci(x1, x2, zi).(2.8)
Then
(ιx1,x2,z1,...,zk − ιx2,x1,z1,...,zk)∆Γ(x1, x2, z1, . . . , zk)
=
k∑
i=1
ιx2,z1,...,zk
∏
j 6=i
∆cj (ciφ(x2, zi), x2, zj)p(x1)x
−1
1 δ
(
ci
φ(x2, zi)
x1
)
.(2.9)
Furthermore, for 1 ≤ i ≤ k we have
ιx2,z1,...,zk
∏
j 6=i
∆cj(ciφ(x2, zi), x2, zj) ∈ C((x2))[[z1, . . . , zk]].(2.10)
Proof. Note that by Lemma 2.5 (see (2.6)), for distinct c, c′ ∈ C×, ∆c(c
′φ(x2, w), x2, z)
exists in C((x2))[[z, w]], so that
ιx1,x2,z,w∆c(x1, x2, z)p(x1)x
−1
1 δ
(
c′
φ(x2, w)
x1
)
=ιx2,z,w∆c(c
′φ(x2, w), x2, z)e
wp(x2)∂x2p(x1)x
−1
1 δ
(
c′
x2
x1
)
.(2.11)
From (2.4), we have
(ιx1,x2,zi − ιx2,x1,zi)∆ci(x1, x2, zi) = p(x1)x
−1
1 δ
(
ci
φ(x2, zi)
x1
)
for 1 ≤ i ≤ k. Therefore,
(ιx1,x2,z1,...,zk − ιx2,x1,z1,...,zk)∆Γ(x1, x2, z1, . . . , zk)
=
k∑
i=1
ιx1,x2,z1,...,zk
(∏
j 6=i
∆cj (x1, x2, zj)
)
p(x1)x
−1
1 δ
(
ci
φ(x2, zi)
x1
)
(2.12)
=
k∑
i=1
ιx2,z1,...,zk
∏
j 6=i
∆cj(ciφ(x2, zi), x2, zj)p(x1)x
−1
1 δ
(
ci
φ(x2, zi)
x1
)
,
where the existence of (2.12) follows from (2.11). The furthermore statement follows
immediately from (2.6). 
2.2. φ-coordinated quasi modules for nonlocal vertex algebras. Throughout
this subsection, we assume that φ(x, z) = ezp(x)
d
dxx is an associate of the formal
additive group Fa such that p(x) 6= 0, or equivalently φ(x, z) 6= x. Note that under
this assumption, we have
f(φ(x, z), x) 6= 0 for any nonzero f(x1, x2) ∈ C[[x1, x2]].
We start with the notion of nonlocal vertex algebra (see Remark 2.11).
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Definition 2.8. A nonlocal vertex algebra is a vector space V equipped with a linear
map
Y (·, x) : V → (EndV )[[x, x−1]]; v 7→ Y (v, x)
and a distinguished vector 1 ∈ V , satisfying the conditions that for u, v ∈ V ,
Y (u, x)v ∈ V ((x)),(2.13)
Y (1, x)v = v, Y (v, x)1 ∈ V [[x]] and lim
x→0
Y (v, x)1 = v(2.14)
and that for u, v ∈ V , there exists a nonnegative integer k such that
(x1 − x2)
kY (u, x1)Y (v, x2) ∈ Hom(V, V ((x1, x2)))(2.15)
and (
(x1 − x2)
kY (u, x1)Y (v, x2)
)
|x1=x2+x0 = x
k
0Y (Y (u, x0)v, x2).(2.16)
Remark 2.9. Let A(x1, x2) ∈ Hom(W,W ((x1, x2))) with W a vector space. Then
A(x1, x2)|x1=x2+x0 exists in (Hom(W,W ((x2)))[[x0]]
and
A(x1, x2)|x1=x0+x2 exists in (Hom(W,W ((x2)))[[x0, x
−1
0 ]].
We have
A(x2 + x0, x2) = Resx1x
−1
1 δ
(
x2 + x0
x1
)
A(x1, x2).(2.17)
In view of this, under the condition (2.15), we have(
(x1 − x2)
kY (u, x1)Y (v, x2)
)
|x1=x2+x0
= Resx1x
−1
1 δ
(
x2 + x0
x1
)(
(x1 − x2)
kY (u, x1)Y (v, x2)
)
.(2.18)
Lemma 2.10. Let V be a nonlocal vertex algebra. Then the following weak as-
sociativity holds: For any u, v, w ∈ V , there exists a nonnegative integer l such
that
(x0 + x2)
lY (u, x0 + x2)Y (v, x2)w = (x0 + x2)
lY (Y (u, x0)v, x2)w.(2.19)
Proof. Let u, v, w ∈ V . From definition, there exists k ∈ N such that (2.15) holds.
Then
(x1 − x2)
kY (u, x1)Y (v, x2)w ∈ V ((x1, x2)).
Hence, there exists l ∈ N such that
xl1(x1 − x2)
kY (u, x1)Y (v, x2)w ∈ V [[x1, x2]][x
−1
2 ],
involving only nonnegative integer powers of x1. Then(
xl1(x1 − x2)
kY (u, x1)Y (v, x2)w
)
|x1=x2+x0 =
(
xl1(x1 − x2)
kY (u, x1)Y (v, x2)w
)
|x1=x0+x2 .
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Using this and (2.16) we get
(x2 + x0)
lxk0Y (Y (u, x0)v, x2)w
=
(
xl1(x1 − x2)
kY (u, x1)Y (v, x2)w
)
|x1=x2+x0
=
(
xl1(x1 − x2)
kY (u, x1)Y (v, x2)w
)
|x1=x0+x2
=(x0 + x2)
lxk0Y (u, x0 + x2)Y (v, x2)w,
which immediately yields (2.19). 
Remark 2.11. Note that a notion of nonlocal vertex algebra was defined in [Li3]
in terms of weak associativity (2.19). In view of Lemma 2.10, the notion of nonlocal
vertex algebra in the sense of Definition 2.8 is theoretically stronger than the other
same named notion.
Let V be a nonlocal vertex algebra. Define a linear operator D by D(v) = v−21
for v ∈ V . Then we have (see [Li3]):
[D, Y (v, x)] = Y (D(v), x) =
d
dx
Y (v, x) for v ∈ V.(2.20)
What were called weak quantum vertex algebras in [Li3] form a special class
of nonlocal vertex algebras, where a weak quantum vertex algebra is defined by
replacing the compatibility and weak associativity conditions in Definition 2.8 with
the condition that for any u, v ∈ V , there exist
u(i), v(i) ∈ V, fi(x) ∈ C((x)) (i = 1, . . . , r)
such that
x−10 δ
(
x1 − x2
x0
)
Y (u, x1)Y (v, x2)
− x−10 δ
(
x2 − x1
−x0
) r∑
i=1
fi(−x2 + x1)Y (v
(i), x2)Y (u
(i), x1)
= x−11 δ
(
x2 + x0
x1
)
Y (Y (u, x0)v, x2).(2.21)
Definition 2.12. Let V be a nonlocal vertex algebra and let φ be an associate of
Fa. A φ-coordinated quasi V -module is a vector space W equipped with a linear
map
YW (·, x) : V → (EndW )[[x, x
−1]]; v 7→ YW (v, x),
satisfying the conditions that
YW (u, x)w ∈ W ((x)) for u ∈ V, w ∈ W,
YW (1, x) = 1W (the identity operator on W ),
and that for any u, v ∈ V , there exists a nonzero f(x1, x2) ∈ C[[x1, x2]] such that
f(x1, x2)YW (u, x1)YW (v, x2) ∈ Hom(W,W ((x1, x2))),(2.22)
(f(x1, x2)YW (u, x1)YW (v, x2)) |x1=φ(x2,z) = f(φ(x2, z), x2)YW (Y (u, z)v, x2).(2.23)
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Let W be a vector space, which is fixed for the rest of this section. Set
E(W ) = Hom(W,W ((x))).
More generally, for any positive integer r, set
E (r)(W ) = Hom(W,W ((x1, x2, . . . , xr))).(2.24)
An ordered sequence (a1(x), . . . , ar(x)) in E(W ) is said to be quasi-compatible (see
[Li3, Li1]) if there exists a nonzero series f(x, y) ∈ C[[x, y]] such that( ∏
1≤i<j≤r
f(xi, xj)
)
a1(x1) · · ·ar(xr) ∈ E
(r)(W ).
A subset U of E(W ) is said to be quasi-compatible if every finite ordered sequence
in U is quasi-compatible.
Suppose that (α(x), β(x)) is a quasi-compatible pair in E(W ). Define
α(x)φnβ(x) ∈ E(W ) for n ∈ Z
in terms of generating function
Y φE (α(x), z)β(x) =
∑
n∈Z
α(x)φnβ(x)z
−n−1(2.25)
by
Y φE (α(x), z)β(x) = ιx,z(1/f(φ(x, z), x)) (f(x1, x)α(x1)β(x)) |x1=φ(x,z),(2.26)
where f(x1, x2) is any nonzero element of C[[x1, x2]] such that
f(x1, x2)α(x1)β(x2) ∈ Hom(W,W ((x1, x2))) (= E
(2)(W )).(2.27)
A quasi-compatible subspace U of E(W ) is said to be Y φE -closed if
a(x)φnb(x) ∈ U(2.28)
for all a(x), b(x) ∈ U, n ∈ Z.
The following result was obtained in [Li8]:
Theorem 2.13. Let W be a vector space and let V be a Y φE -closed quasi-compatible
subspace of E(W ) with 1W ∈ V . Then (V, Y
φ
E , 1W ) carries the structure of a nonlocal
vertex algebra and W is a φ-coordinated quasi V -module with YW (α(x), z) = α(z) for
α(x) ∈ V . On the other hand, for every quasi-compatible subset U of E(W ), there
exists a unique minimal Y φE -closed quasi-compatible subspace 〈U〉φ that contains 1W
and U . Furthermore, (〈U〉φ, Y
φ
E , 1W ) carries the structure of a nonlocal vertex algebra
and W is a φ-coordinated quasi 〈U〉φ-module.
Definition 2.14. In view of Theorem 2.13, we call a Y φE -closed quasi-compatible
subspace of E(W ) containing 1W a nonlocal vertex subalgebra of E(W ).
The following is an immediate consequence:
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Lemma 2.15. Let (α(x), β(x)) be a quasi-compatible pair in E(W ). Then for any
f(x) ∈ C((x)), (f(x)α(x), β(x)) is quasi-compatible and we have
Y φE (f(x)α(x), z) β(x) = f(φ(x, z))Y
φ
E (α(x), z) β(x).
We also have the following result (cf. [Li8, Proposition 4.5]):
Lemma 2.16. Let V be a nonlocal vertex subalgebra of E(W ). Suppose that
αi(x), βi(x) ∈ V, gi(x1, x2) ∈ C∗((x1, x2)) (i = 1, 2, . . . , r)
such that
r∑
i=1
ιx1,x2(gi(x1, x2))αi(x1)βi(x2) ∈ Hom(W,W ((x1, x2))).
Then
r∑
i=1
ιx,z(gi (φ(x, z), x))Y
φ
E (αi(x), z) βi(x)
=
(
r∑
i=1
ιx1,x(gi(x1, x))αi(x1)βi(x)
) ∣∣∣∣∣
x1=φ(x,z)
.(2.29)
Proof. It is similar to the proof in [Li8]. As V is a quasi-compatible subspace of
E(W ), there exists a nonzero series g(x1, x2) ∈ C[[x1, x2]] such that
g(x1, x2)αi(x1)βi(x2) ∈ Hom(W,W ((x1, x2))) for i = 1, 2, . . . , r.
From the definition of Y φE we have
g (φ(x, z), x) Y φE (αi(x), z) βi(x) = (g(x1, x)αi(x1)βi(x)) |x1=φ(x,z)
for i = 1, 2, . . . , r. Then we get
g (φ(x, z), x)
r∑
i=1
ιx,z(gi (φ(x, z), x))Y
φ
E (αi(x), z) βi(x)
=
r∑
i=1
ιx,z(gi (φ(x, z), x)) (g(x1, x)αi(x1)βi(x)) |x1=φ(x,z)
=
(
g(x1, x)
r∑
i=1
ιx1,x(gi(x1, x))αi(x1)βi(x)
)∣∣∣∣∣
x1=φ(x,z)
=g (φ(x, z), x)
(
r∑
i=1
ιx1,x(gi(x1, x))αi(x1)βi(x)
) ∣∣∣∣∣
x1=φ(x,z)
.
Noticing that both
∑r
i=1 ιx,z(gi (φ(x, z), x))Y
φ
E (αi(x), z) βi(x) and(
r∑
i=1
ιx1,x(gi(x1, x))αi(x1)βi(x)
) ∣∣∣∣∣
x1=φ(x,z)
lie in (E(W )) ((z)),
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which is a vector space over C((x))((z)), and that g(φ(x, z), x) is a nonzero element
of C((x))((z)), we immediately get (2.29). 
On the other hand, we have:
Lemma 2.17. Let V be a nonlocal vertex subalgebra of E(W ). Suppose that
αi(x), βi(x) ∈ V, gi(x1, x2) ∈ C∗((x1, x2)) (i = 1, 2, . . . , r)
such that
r∑
i=1
ιx1,x2(gi(x1, x2))αi(x1)βi(x2) ∈ Hom(W,W ((x1, x2))).
Then
r∑
i=1
ιx,x1,x2(gi (φ(x, x1), φ(x, x2)))Y
φ
E (αi(x), x1) Y
φ
E (βi(x), x2)
∈ Hom (V, V ((x))((x1, x2))) .
Proof. As V is a quasi-compatible subspace of E(W ), from the definition of Y φE ,
there exists a positive integer k such that
xk0Y
φ
E (αi(x), x0) βi(x) ∈ V [[x0]]
for all 1 ≤ i ≤ r. Let θ(x) ∈ V be arbitrarily fixed. By the weak associativity of the
nonlocal vertex algebra V , we can update k so that we also have
(x0 + x2)
kY φE (αi(x), x0 + x2)Y
φ
E (βi(x), x2) θ(x)
=(x0 + x2)
kY φE
(
Y φE (αi(x), x0) βi(x), x2
)
θ(x),(2.30)
which implies that the common quantity on both sides lies in V ((x0, x2)). Then
xk1(x1 − x2)
kY φE (αi(x), x1) Y
φ
E (βi(x), x2) θ(x)
=
(
(x0 + x2)
kxk0Y
φ
E
(
Y φE (αi(x), x0) βi(x), x2
)
θ(x)
)
|x0=x1−x2
for all 1 ≤ i ≤ r. Hence, we have
xk1(x1 − x2)
k
r∑
i=1
ιx,x1,x2(gi(φ(x, x1), φ(x, x2)))Y
φ
E (αi(x), x1)Y
φ
E (βi(x), x2) θ(x)
=
(
xk0(x0 + x2)
k
r∑
i=1
ιx,x2,x0(gi(φ(x, x0 + x2), φ(x, x2)))
× Y φE
(
Y φE (αi(x), x0) βi(x), x2
)
θ(x)
)∣∣∣∣∣
x0=x1−x2
.
(2.31)
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Recall again that gi(φ(x, x0), x) exists in C((x))((x0)). Then gi(φ(φ(x, x2), x0), φ(x, x2))
exists in C((x))[[x2]]((x0)) ⊂ C((x))((x0, x2)). From Lemma 2.15 and (2.30), we have
(x0 + x2)
kY φE
(
gi(φ(x, x0), x)Y
φ
E (αi(x), x0)βi(x), x2
)
θ(x)
=(x0 + x2)
kgi(φ(φ(x, x2), x0), φ(x, x2))Y
φ
E
(
Y φE (αi(x), x0) βi(x), x2
)
θ(x),
which implies that the common quantity on both sides lies in V ((x))((x0, x2)). Then
(x0 + x2)
kY φE
(
gi(φ(x, x0), x)Y
φ
E (αi(x), x0) βi(x), x2
)
θ(x)
=(x0 + x2)
kgi(φ(x, x0 + x2), φ(x, x2))Y
φ
E
(
Y φE (αi(x), x0) βi(x), x2
)
.
By Lemma 2.16, we have
r∑
i=1
gi(φ(x, x0), x)Y
φ
E (αi(x), x0)βi(x)
=
(
r∑
i=1
gi(x1, x)αi(x1)βi(x)
) ∣∣∣∣∣
x1=φ(x,x0)
∈ V ((x))[[x0]].
Then
(x0 + x2)
kY φE
(
r∑
i=1
gi(φ(x, x0), x)Y
φ
E (αi(x), x0)βi(x), x2
)
θ(x) ∈ V ((x))[[x0]]((x2)).
Consequently,(
(x0 + x2)
kY φE
(
r∑
i=1
gi(φ(x, x0), x)Y
φ
E (αi(x), x0)βi(x), x2
)
θ(x)
) ∣∣∣∣∣
x0=x1−x2
lies in V ((x))((x1, x2)). Combining this with (2.31), we get
xk1(x1 − x2)
k
r∑
i=1
gi(φ(x, x1), φ(x, x2))Y
φ
E (αi(x), x1) Y
φ
E (βi(x), x2) θ(x)
=(x1 − x2)
k
(
(x0 + x2)
k
r∑
i=1
gi(φ(x, x0 + x2), φ(x, x2))
× Y φE
(
Y φE (αi(x), x0)βi(x), x2
)
θ(x)
)∣∣∣∣∣
x0=x1−x2
.
Hence,
xk1
r∑
i=1
gi(φ(x, x1), φ(x, x2))Y
φ
E (αi(x), x1)Y
φ
E (βi(x), x2) θ(x)
=
(
(x0 + x2)
kY φE
(
r∑
i=1
gi(φ(x, x0), x)Y
φ
E (αi(x), x0)βi(x), x2
)
θ(x)
)∣∣∣∣∣
x0=x1−x2
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lies in V ((x))((x1, x2)). Therefore, we have
r∑
i=1
gi(φ(x, x1), φ(x, x2))Y
φ
E (αi(x), x1) Y
φ
E (βi(x), x2) θ(x) ∈ V ((x))((x1, x2)),
as desired. 
We have the following technical result (cf. [Li8, Proposition 5.3]):
Proposition 2.18. Let W be a vector space and let V be a nonlocal vertex subalgebra
of E(W ). Suppose
αi(x), βi(x), µj(x), νj(x) ∈ V, gi(x1, x2), hj(x1, x2) ∈ C∗((x1, x2))
for 1 ≤ i ≤ r, 1 ≤ j ≤ s such that the following relation holds on W :
r∑
i=1
ιx1,x2(gi(x1, x2))αi(x1)βi(x2) =
s∑
j=1
ιx2,x1(hj(x2, x1))µj(x2)νj(x1).(2.32)
Then the following relation holds on V :
r∑
i=1
ιx,x1,x2(gi(φ(x, x1), φ(x, x2)))Y
φ
E (αi(x), x1)Y
φ
E (βi(x), x2)
=
s∑
j=1
ιx,x2,x1(hi(φ(x, x2), φ(x, x1)))Y
φ
E (µj(x), x2)Y
φ
E (νj(x), x1) .(2.33)
Proof. Recall from Remark 2.4 that ιx,x1,x2gi(φ(x, x1), φ(x, x2)) ∈ C((x))((x1))((x2))
and ιx,x2,x1hj(φ(x, x2), φ(x, x1)) ∈ C((x))((x2))((x1)). Let θ(x) ∈ V . As V is quasi-
compatible, there exists nonzero f(x1, x2) ∈ C[[x1, x2]] such that
f(x1, x2)βi(x1)θ(x2), f(x1, x2)νj(x1)θ(x2) ∈ E
(2)(W ),
f(x1, x2)f(x1, x3)f(x2, x3)αi(x1)βi(x2)θ(x3) ∈ E
(3)(W ),
f(x1, x2)f(x1, x3)f(x2, x3)µj(x1)νj(x2)θ(x3) ∈ E
(3)(W )
for 1 ≤ i ≤ r, 1 ≤ j ≤ s. From [Li8, Lemma 4.7], we have
f(φ(x, x1), φ(x, x2))f(φ(x, x1), x)f(φ(x, x2), x)Y
φ
E (αi(x), x1) Y
φ
E (βi(x), x2) θ(x)
=
( ∏
1≤a<b≤3
f(ya, yb)αi(y1)βi(y2)θ(y3)
)∣∣∣∣∣
y1=φ(x,x1),y2=φ(x,x2),y3=x
,
f(φ(x, x1), φ(x, x2))f(φ(x, x1), x)f(φ(x, x2), x)Y
φ
E (µj(x), x1) Y
φ
E (νj(x), x2) θ(x)
=
( ∏
1≤a<b≤3
f(ya, yb)µj(y1)νj(y2)θ(y3)
) ∣∣∣∣∣
y1=φ(x,x1),y2=φ(x,x2),y3=x
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for 1 ≤ i ≤ r and 1 ≤ j ≤ s. Then we have
f(φ(x, x1), φ(x, x2))f(φ(x, x1), x)f(φ(x, x2), x)
r∑
i=1
gi(φ(x, x1), φ(x, x2))
× Y φE (αi(x), x1) Y
φ
E (βi(x), x2) θ(x)
=
( ∏
1≤a<b≤3
f(ya, yb)
r∑
i=1
gi(y1, y2)αi(y1)βi(y2)θ(y3)
)
|y1=φ(x,x1),y2=φ(x,x2),y3=x
=
( ∏
1≤a<b≤3
f(ya, yb)
s∑
j=1
hj(y2, y1)µj(y2)νj(y2)θ(y3)
)
|y1=φ(x,x1),y2=φ(x,x2),y3=x
=f(φ(x, x1), φ(x, x2))f(φ(x, x1), x)f(φ(x, x2), x)
s∑
j=1
hi(φ(x, x2), φ(x, x1))
× Y φE (µj(x), x2) Y
φ
E (νj(x), x1) θ(x).(2.34)
Note that the relation (2.32) implies that the common quantity on the both sides
lies in V ((x1, x2)). Similarly, with Lemma 2.17 we conclude that both
r∑
i=1
ιx,x1,x2gi(φ(x, x1), φ(x, x2))Y
φ
E (αi(x), x1) Y
φ
E (βi(x), x2) θ(x)
and
s∑
j=1
ιx,x2,x1hi(φ(x, x2), φ(x, x1))Y
φ
E (µj(x), x2) Y
φ
E (νj(x), x1) θ(x)
lie in V ((x))((x1, x2)) ⊂ V ((x))((x1))((x2)) which is a vector space over C((x))((x1))((x2)).
Notice that
0 6= f(φ(x, x1), φ(x, x2))f(φ(x, x1), x)f(φ(x, x2), x) ∈ C((x))((x1))((x2)).
Then, from (2.34) we get
r∑
i=1
ιx,x1,x2gi(φ(x, x1), φ(x, x2))Y
φ
E (αi(x), x1)Y
φ
E (βi(x), x2) θ(x)
=
s∑
j=1
ιx,x2,x1hi(φ(x, x2), φ(x, x1))Y
φ
E (µj(x), x2) Y
φ
E (νj(x), x1) θ(x).
Thus, (2.33) holds. 
As the main result of this section we have:
Theorem 2.19. Let W be a vector space and let V be a nonlocal vertex subalgebra
of E(W ). Suppose
αi(x), βi(x), µj(x), νj(x) ∈ V, gi(x1, x2), hj(x1, x2) ∈ C∗((x1, x2))
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for 1 ≤ i ≤ r, 1 ≤ j ≤ s such that the following relation holds on W :
r∑
i=1
ιx1,x2 (gi(x1, x2))αi(x1)βi(x2)−
s∑
j=1
ιx2,x1 (hj(x1, x2))µj(x2)νj(x1)
=
t∑
i=0
N∑
k=1
γk,i(x2)
1
i!
(p(x2)∂x2)
i p(x1)x
−1
1 δ
(
ck
x2
x1
)
,(2.35)
where N, t ≥ 0 and c0, . . . , cN are distinct nonzero complex numbers with c0 = 1 and
γk,i(x) ∈ V for 0 ≤ i ≤ t, 0 ≤ k ≤ N . Then
r∑
i=1
ιx,x1,x2 (gi(φ(x, x1), φ(x, x2)))Y
φ
E (αi(x), x1)Y
φ
E (βi(x), x2)
−
s∑
j=1
ιx,x2,x1 (hj(φ(x, x1), φ(x, x2)))Y
φ
E (µj(x), x2)Y
φ
E (νj(x), x1)
=
t∑
i=0
Y φE (γ0,i(x), x2)
1
i!
∂ix2x
−1
1 δ
(
x2
x1
)
.(2.36)
Proof. Notice that we have
(x1 − cx2)
i+1 (p(x2)∂x2)
i p(x1)x
−1
1 δ
(
cx2
x1
)
= 0
for any c ∈ C× and i ∈ N and that
(p(x2)∂x2)
i p(x1)x
−1
1 δ
(
x2
x1
)
= ιx1,x2Fi(x1, x2)− ιx2,x1Fi(x1, x2),
where Fi(x1, x2) = (p(x2)∂x2)
i (p(x1)/(x1 − x2)) for i ≥ 0. Set
f(x1, x2) =
N∏
k=1
(x1 − ckx2)
t+1.
Then we have
f(x1, x2)
t∑
i=0
N∑
k=0
γk,i(x2)
1
i!
(p(x2)∂x2)
i p(x1)x
−1
1 δ
(
ck
x2
x1
)
=f(x1, x2)
t∑
i=0
γ0,i(x2)
1
i!
(p(x2)∂x2)
i p(x1)x
−1
1 δ
(
x2
x1
)
=f(x1, x2)
t∑
i=0
1
i!
(ιx1,x2(Fi(x1, x2))− ιx2,x1(Fi(x1, x2))) γ0,i(x2).
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Using this and (2.45) we get
f(x1, x2)
r∑
i=1
ιx1,x2 (gi(x1, x2))αi(x1)βi(x2)− f(x1, x2)
t∑
i=0
1
i!
ιx1,x2Fi(x1, x2)γ0,i(x2)
=f(x1, x2)
s∑
j=1
ιx2,x1 (hj(x1, x2))µj(x2)νj(x1)− f(x1, x2)
t∑
i=0
1
i!
ιx2,x1(Fi(x1, x2))γ0,i(x2).
Then by Proposition 2.18, we have
r∑
i=1
ιx,x1,x2 (f(φ(x, x1), φ(x, x2))gi(φ(x, x1), φ(x, x2)))Y
φ
E (αi(x), x1)Y
φ
E (βi(x), x2)
−
t∑
i=0
ιx,x1,x2f(φ(x, x1), φ(x, x2))
1
i!
ιx,x1,x2Fi(φ(x, x1), φ(x, x2))Y
φ
E (γ0,i(x), x2)
=
s∑
j=1
ιx,x2,x1 (f(φ(x, x1), φ(x, x2))hj(φ(x, x1), φ(x, x2)))Y
φ
E (µj(x), x2)Y
φ
E (νj(x), x1)
−
t∑
i=0
ιx,x2,x1f(φ(x, x1), φ(x, x2))
1
i!
ιx,x2,x1Fi(φ(x, x1), φ(x, x2))Y
φ
E (γ0,i(x), x2).
Note that with f(x1, x2) ∈ C[x1, x2], we have f(φ(x, x1), φ(x, x2)) ∈ C((x))[[x1, x2]].
As
f(φ(x, 0), φ(x, 0)) = f(x, x) = xN(t+1)
N∏
k=1
(1− ck)
t+1 6= 0,
f(φ(x, x1), φ(x, x2)) is invertible in C((x))[[x1, x2]]. Then by cancellation we get
r∑
i=1
ιx,x1,x2 (gi(φ(x, x1), φ(x, x2))) Y
φ
E (αi(x), x1)Y
φ
E (βi(x), x2)
−
t∑
i=0
1
i!
ιx,x1,x2(Fi(φ(x, x1), φ(x, x2)))Y
φ
E (γ0,i(x), x2)
=
s∑
j=1
ιx,x2,x1 (hj(φ(x, x1), φ(x, x2)))Y
φ
E (µj(x), x2)Y
φ
E (νj(x), x1)
−
t∑
i=0
1
i!
ιx,x2,x1(Fi(φ(x, x1), φ(x, x2)))Y
φ
E (γ0,i(x), x2).
Combining this relation with Corollary 2.6, we obtain (2.36). 
Next, we consider a special form of Theorem 2.19. For the rest of this section, we
assume
Ψ(z1, z2) ∈ C[z
±1
1 , z
±1
2 ], ψ(x) ∈ C[[x]] with ψ
′(0) = 1(2.37)
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such that
Ψ(φ(x, x1), φ(x, x2)) = ψ(x1 − x2).(2.38)
As φ(x, 0) = x, we have
Ψ(φ(x, z), x) = ψ(z).(2.39)
This implies φ(x, z) 6= x as ψ′(z) 6= 0 from the assumption above.
Remark 2.20. For r ∈ Z, set
φr(x, z) = e
zxr+1 d
dxx.(2.40)
From [FHL], we have
φr(x, z) =
{
x (1− rzxr)
−1
r if r 6= 0
xez if r = 0.
Set
Ψr(z1, z2) =
{
−1
r
(z−r1 − z
−r
2 ) if r 6= 0
z1/z2 if r = 0
(2.41)
and
ψr(z) =
{
z if r 6= 0
ez if r = 0.
(2.42)
Then we have Ψr(z1, z2) ∈ C[z
±1
1 , z
±1
2 ] and ψr(z) ∈ C[[z]] with ψ
′
r(0) = 1 such that
Ψr (φr(x, x1), φr(x, x2)) = ψr(x1 − x2).
Recall that C(x) is the fraction field of C[x]. Let C∗(x) denote the fraction field
of C[[x]], which is isomorphic to C((x)). Denote the canonical isomorphism by ιx,0:
ιx,0 : C∗(x)→ C((x)).(2.43)
As ψ(x) ∈ C[[x]] with ψ′(x) 6= 0, we have q(ψ(x)) 6= 0 for any nonzero q(z) ∈ C[z]
(since C is algebraically closed and ψ(x) /∈ C). Consequently, for any Q(z) ∈ C(z),
Q(ψ(x)) is a well defined element of C∗(x). Then we have a field embedding
ιz=ψ(x) : C(z)→ C((x)),(2.44)
which is defined by
ιz=ψ(x)(Q(z)) = ιx,0(Q(ψ(x))) for Q(z) ∈ C(z).
Note that
Q(Ψ(x1, x2)) ∈ C(x1, x2) for Q(z) ∈ C(z).
Under this setting with Ψ and ψ satisfying the conditions (2.37) and (2.38), we
immediately have:
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Theorem 2.21. Let W be a vector space and let V be a nonlocal vertex subalgebra
of E(W ). Suppose
αi(x), βi(x), µj(x), νj(x) ∈ V, fi(z), gj(z) ∈ C(z)
for 1 ≤ i ≤ r, 1 ≤ j ≤ s such that the following relation holds on W :
r∑
i=1
ιx1,x2 (fi(Ψ(x1, x2)))αi(x1)βi(x2)−
s∑
j=1
ιx2,x1 (gj(Ψ(x1, x2)))µj(x2)νj(x1)
=
t∑
i=0
N∑
k=1
γk,i(x2)
1
i!
(p(x2)∂x2)
i p(x1)x
−1
1 δ
(
ck
x2
x1
)
,(2.45)
where N, t ≥ 0 and c0, . . . , cN are distinct nonzero complex numbers with c0 = 1 and
γk,i(x) ∈ V for 0 ≤ i ≤ t, 0 ≤ k ≤ N . Then
r∑
i=1
ιx1,x2 (fi(ψ(x1 − x2))) Y
φ
E (αi(x), x1)Y
φ
E (βi(x), x2)
−
s∑
j=1
ιx2,x1 (gj(ψ(x1 − x2))) Y
φ
E (µj(x), x2)Y
φ
E (νj(x), x1)
=
t∑
i=0
Y φE (γ0,i(x), x2)
1
i!
∂ix2x
−1
1 δ
(
x2
x1
)
.(2.46)
Let φ,Ψ, ψ be given as before. Motivated by Theorem 2.21 we formulate the
following notion:
Definition 2.22. Let W be a vector space. A subset U of E(W ) is said to be quasi
(φ, S)-local if for any a(x), b(x) ∈ U , there exist
ui(x), vi(x) ∈ U, fi(z) ∈ C(z) (i = 1, . . . , r)
and a nonzero polynomial q(x1, x2) ∈ C[x1, x2] such that
q(x1, x2)a(x1)b(x2) = q(x1, x2)
r∑
i=1
ιx2,x1fi(Ψ(x1, x2))ui(x2)vi(x1).(2.47)
We define a notion of (φ, S)-local subset (without the prefix “quasi”) by simply
changing the phrase “a nonzero polynomial q(x1, x2) ∈ C[x1, x2]” to “a Laurent
polynomial q(x1, x2) = Ψ(x1, x2)
k with k ∈ N”.
Theorem 2.23. Let W be a vector space and let U be a quasi (φ, S)-local subset of
E(W ). Then U is quasi compatible and the nonlocal vertex algebra 〈U〉φ generated
in E(W ) by U is a weak quantum vertex algebra.
Proof. Note that quasi (φ, S)-locality is a special case of quasi S(x1, x2)-locality in
the sense of [Li7]. Then by Proposition 4.6 therein, U is a quasi compatible, so that
we have a nonlocal vertex algebra 〈U〉φ. For a(x), b(x), let ui(x), vi(x) ∈ U, fi(z) ∈
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C(z) (i = 1, . . . , r) and 0 6= q(x1, x2) ∈ C[x1, x2] such that (2.47) holds. By Theorem
2.19, we have
q(φ(x, x1), φ(x, x2))Y
φ
E (a(x), x1)Y
φ
E (b(x), x2)
= q(φ(x, x1), φ(x, x2))
r∑
i=1
ιx2,x1fi(ψ(x1 − x2))Y
φ
E (ui(x), x2)Y
φ
E (vi(x), x1).(2.48)
As q(x1, x2) 6= 0, we have q(x1, x2) = (x1−x2)
kq¯(x1, x2) for some k ∈ N, q¯(x1, x2) ∈
C[x1, x2] with q¯(x2, x2) 6= 0. Noticing that φ(x, z) = x+ p(x)z +
1
2
p(x)p′(x)z2 + · · · ,
we have
q(φ(x, x1), φ(x, x2)) = (x1 − x2)
kQ(x, x1, x2)
for someQ(x, x1, x2) ∈ C((x))[[x1, x2]] withQ(x, 0, 0) 6= 0. Noticing thatQ(x, x1, x2)
is invertible in C((x))[[x1, x2]], then from (2.48) by cancellation we get
(x1 − x2)
kY φE (a(x), x1)Y
φ
E (b(x), x2)
= (x1 − x2)
k
r∑
i=1
ιx2,x1fi(ψ(x1 − x2))Y
φ
E (ui(x), x2)Y
φ
E (vi(x), x1).
This shows that {Y φE (a(z), x) | a(z) ∈ U} is an S-local set of vertex operators on the
nonlocal vertex algebra 〈U〉φ. Since 〈U〉φ as a nonlocal vertex algebra is generated
by U , from [LTW] (Proposition 2.6), 〈U〉φ is a weak quantum vertex algebra. 
3. (G, χφ)-equivariant φ-coordinated quasi modules
In this section, we study (G, χφ)-equivariant φ-coordinated quasi modules for a
general (G, χ)-module nonlocal vertex algebra. The main result (Theorem 3.11) is
a refinement of Theorem 2.13. Throughout this section, G is a group equipped with
a linear character χ.
First, we formulate the following notion (cf. [Li2], [Li5]):
Definition 3.1. Let G be a group with a linear character χ : G → C×. A (G, χ)-
module nonlocal vertex algebra is a nonlocal vertex algebra V equipped with a group
homomorphism R : G→ GL(V ) such that R(g)1 = 1 and
R(g)Y (v, x)R(g)−1 = Y (R(g)v, χ(g)x) for g ∈ G, v ∈ V.(3.1)
We shall also denote a (G, χ)-module nonlocal vertex algebra by a pair (V,R).
Remark 3.2. Notice that in Definition 3.1, for g ∈ G with χ(g) = 1, we have
R(g) ∈ Aut(V ), where Aut(V ) denotes the automorphism group of V as a nonlocal
vertex algebra. Thus a (G, χ)-module nonlocal vertex algebra with χ = 1 (the trivial
character) is simply a nonlocal vertex algebra on which G acts as an automorphism
group. In this case, we call V a G-module nonlocal vertex algebra.
For (G, χ)-module nonlocal vertex algebras (V,R) and (V ′, R′), a (G, χ)-module
nonlocal vertex algebra homomorphism is a nonlocal vertex algebra homomorphism
ψ : V → V ′ such that
ψ ◦R(g) = R′(g) ◦ ψ for g ∈ G.(3.2)
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The following is a convenient technical result:
Lemma 3.3. Suppose that V is a nonlocal vertex algebra, ρ : G → Aut(V ) and
L : G→ GL(V ) are group homomorphisms such that L(g)1 = 1,
ρ(g)L(g′) = L(g′)ρ(g) for g, g′ ∈ G,
L(g)Y (v, x)L(g)−1 = Y (L(g)v, χ(g)x) for g ∈ G, v ∈ S,
where S is a generating subset of V . Define a map R : G → GL(V ) by R(g) =
ρ(g)L(g) for g ∈ G. Then (V,R) is a (G, χ)-module nonlocal vertex algebra.
Proof. We first prove that (V, L) is a (G, χ)-module nonlocal vertex algebra. For
this we need to prove
L(g)Y (v, x)L(g)−1 = Y (L(g)v, χ(g)x)
for g ∈ G, v ∈ V . Let V ′ consist of those vectors v ∈ V such that the above relation
holds for all g ∈ G. Then we must prove V ′ = V . As S∪{1} ⊂ V ′ from assumption,
we need to prove that V ′ is a nonlocal vertex subalgebra of V . It remains to prove
that unv ∈ V
′ for u, v ∈ V ′, n ∈ Z. Let u, v ∈ V ′ and let g ∈ G. There exists k ∈ N
such that
(x1 − x2)
kY (u, x1)Y (v, x2) ∈ Hom(V, V ((x1, x2))),
(x1 − x2)
kY (L(g)u, x1)Y (L(g)v, x2) ∈ Hom(V, V ((x1, x2)))
and
zkY (Y (u, z)v, x) = Resx1x
−1
1 δ
(
x+ z
x1
)(
(x1 − x)
kY (u, x1)Y (v, x)
)
,
zkY (Y (L(g)u, z)L(g)v, x) = Resx1x
−1
1 δ
(
x+ z
x1
)(
(x1 − x)
kY (L(g)u, x1)Y (L(g)v, x)
)
.
Then
zkL(g)Y (Y (u, z)v, x)L(g)−1
= Resx1x
−1
1 δ
(
x+ z
x1
)(
(x1 − x)
kL(g)Y (u, x1)Y (v, x)L(g)
−1
)
= Resx1x
−1
1 δ
(
x+ z
x1
)(
(x1 − x)
kY (L(g)u, χ(g)x1)Y (L(g)v, χ(g)x)
)
= χ(g)−kResχ(g)x1(χ(g)x1)
−1δ
(
χ(g)x+ χ(g)z
χ(g)x1
)(
(χ(g)x1 − χ(g)x)
k
× Y (L(g)u, χ(g)x1)Y (L(g)v, χ(g)x)
)
= χ(g)−k(χ(g)z)kY
(
Y (L(g)u, χ(g)z)L(g)v, χ(g)x
)
= zkY
(
L(g)Y (u, z)v, χ(g)x
)
,
which gives
L(g)Y (Y (u, z)v, x)L(g)−1 = Y
(
L(g)Y (u, z)v, χ(g)x
)
.
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This proves that unv ∈ V
′ for u, v ∈ V ′, n ∈ Z. Thus V ′ = V . Therefore (V, L)
is a (G, χ)-module nonlocal vertex algebra. Furthermore, since ρ is a group homo-
morphism from G to the automorphism group Aut(V ), it is straightforward to show
that (V,R) is a (G, χ)-module nonlocal vertex algebra. 
For a subgroup Γ of C×, denote by CΓ[x] the monoid generated multiplicatively
by polynomials x − α for α ∈ Γ, i.e., the set of all monic polynomials whose roots
are contained in Γ.
Definition 3.4. Let (V,R) be a (G, χ)-module nonlocal vertex algebra and let
χφ : G→ C
× be a linear character of G. A (G, χφ)-equivariant φ-coordinated quasi
V -module is a φ-coordinated quasi V -module (W,Y φW ) satisfying the conditions that
Y φW (R(g)v, x) = Y
φ
W (v, χφ(g)
−1x) for g ∈ G, v ∈ V(3.3)
and that for any u, v ∈ V , there exists f(x) ∈ Cχφ(G)[x] such that
f(x1/x2)Y
φ
W (u, x1)Y
φ
W (v, x2) ∈ Hom(W,W ((x1, x2))).(3.4)
Lemma 3.5. Let (V,R) be a (G, χ)-module nonlocal vertex algebra and let χφ :
G→ C× be a linear character of G. Suppose that there exists a (G, χφ)-equivariant
φ-coordinated quasi V -module (W,Y φW ) such that
d
dx
Y φW (v, x) 6= 0 for some v ∈ V .
Then
φ(x, χ(g)x0) = χφ(g)φ(χφ(g)
−1x, x0) for g ∈ G.(3.5)
On the other hand, (3.5) is equivalent to
p(χφ(g)x) = χ(g)
−1χφ(g)p(x) for g ∈ G,(3.6)
where φ(x, z) = ezp(x)∂xx with p(x) ∈ C((x)).
Proof. We first prove the second assertion. As φ(x, z) = ezp(x)∂xx, we have
φ(x, αx0) = e
αx0p(x)∂xx,
βφ(β−1x, x0) = βe
x0p(β−1x)∂β−1x(β−1x) = ex0βp(β
−1x)∂xx
for any α, β ∈ C×. It then follows immediately that the second assertion holds.
To prove the first assertion, let v ∈ V such that d
dx
Y φW (v, x) 6= 0. Recall that
Y φW (1, x) = 1 and R(g)1 = 1 for g ∈ G. Notice that for a, b ∈ V , if h(x1, x2) is any
nonzero polynomial such that
h(x1, x2)Y
φ
W (a, x1)Y
φ
W (b, x2) ∈ Hom(W,W ((x1, x2))),
then(
h(x1, x2)Y
φ
W (a, x1)Y
φ
W (b, x2)
)
|x1=φ(x2,x0) = h(φ(x2, x0), x2)Y
φ
W (Y (a, x0)b, x2).
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Using this fact and (3.3), for g ∈ G we get(
Y φW (v, x1)Y
φ
W (1, x2)
)
|x1=φ(x2,χ(g)x0)
= Y φW (Y (v, χ(g)x0)1, x2)
= Y φW (R(g)Y (R(g)
−1v, x0)1, x2)
= Y φW (Y (R(g)
−1v, x0)1, χφ(g)
−1x2)
=
(
Y φW (R(g)
−1v, x1)Y
φ
W (1, χφ(g)
−1x2)
)
|x1=φ(χφ(g)−1x2,x0)
=
(
Y φW (v, χφ(g)x1)Y
φ
W (1, x2)
)
|x1=φ(χφ(g)−1x2,x0)
=
(
Y φW (v, x1)Y
φ
W (1, x2)
)
|x1=χφ(g)φ(χφ(g)−1x2,x0).
As d
dx
Y φW (v, x) 6= 0, there exist w ∈ W, α ∈ W
∗ such that d
dx
〈α, Y φW (v, x)w〉 6= 0. Set
F (x) = 〈α, Y φW (v, x)w〉 ∈ C((x)). Then we have F
′(x) 6= 0 and
F (φ(x2, χ(g)x0)) = F (χφ(g)φ(χφ(g)
−1x2, x0)).
As
F (φ(x2, χ(g)x0)) = e
χ(g)x0p(x)∂x2F (x2),
F
(
χφ(g)φ(χφ(g)
−1x2, x0)
)
= ex0χφ(g)p(χφ(g)
−1x)∂x2F (x2),
by extracting the coefficients of x0 we obtain (3.5). 
Remark 3.6. Under the setting of Lemma 3.5, assume that (W,Y φW ) is a (G, χφ)-
equivariant φ-coordinated quasi V -module such that d
dx
Y φW (v, x) = 0 for all v ∈ V . It
is straightforward to show that the quotient nonlocal vertex algebra A := V/(ker Y φW )
is simply an associative algebra on which G acts trivially and W is a (faithful) A-
module.
In view of Lemma 3.5 and Remark 3.6, from now on we shall always assume that
(3.5) holds for (G, χφ)-equivariant φ-coordinated quasi V -modules unless it is stated
otherwise.
Remark 3.7. Let Γ be a subgroup of C× and let p(x) ∈ C((x)) nonzero. It is
straightforward to show that there exists a linear character λ : Γ→ C× such that
p(cx) = λ(c)p(x) for c ∈ Γ(3.7)
if and only if p(x) = xr for some r ∈ Z when |Γ| =∞ and p(x) = xrp0(x
m) for some
r ∈ Z, p0(x) ∈ C[[x]] with p0(0) 6= 0 when |Γ| = m <∞.
Remark 3.8. Consider the case φ(x, z) = x + z with p(x) = 1. Then the con-
dition (3.6) amounts to χ = χφ. In this case, the notion of (G, χφ)-equivariant
φ-coordinated quasi V -module coincides with the notion of G-equivariant quasi V -
module introduced in [Li2]. On the other hand, suppose φ(x, z) = xez with p(x) = x.
From (3.6), we have χ = 1, so that G acts on V as an automorphism group. In
this case, χφ can be any linear character of G and the notion of (G, χφ)-equivariant
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φ-coordinated quasi V -module coincides with the same named notion introduced in
[Li9] with χ = χ−1φ .
The following technical result is analogous to Lemma 3.3:
Lemma 3.9. Under the setting of Definition 3.4, assume that all the conditions
hold except (3.3), and instead assume
Y φW (R(g)v, x) = Y
φ
W (v, χφ(g)
−1x) for g ∈ G, v ∈ S,(3.8)
where S is a generating subset of V . Then W is a (G, χφ)-equivariant φ-coordinated
quasi V -module.
Proof. Let V ′ consist of all vectors v ∈ V such that
Y φW (R(g)v, x) = Y
φ
W (v, χφ(g)
−1x) for g ∈ G.
Let u, v ∈ V ′ and let g ∈ G. Notice that there exists f(x) ∈ Cχφ(G)[x] such that
f(x1/x)Y
φ
W (u, x1)Y
φ
W (v, x), f(x1/x)Y
φ
W (R(g)u, x1)Y
φ
W (R(g)v, x) ∈ Hom(W,W ((x1, x2))),
and
f(φ(x, z)/x)Y φW (Y (u, z)v, x) = Resx1x
−1
1 δ
(
φ(x, z)
x1
)(
f(x1/x)Y
φ
W (u, x1)Y
φ
W (v, x)
)
,
f(φ(x, z)/x)Y φW (Y (R(g)u, z)R(g)v, x)
=Resx1x
−1
1 δ
(
φ(x, z)
x1
)(
f(x1/x)Y
φ
W (R(g)u, x1)Y
φ
W (R(g)v, x)
)
.
Using all of these and (3.5) we get
f(φ(x, χ(g)z)/x)Y φW (R(g)Y (u, z)v, x)
=f(φ(x, χ(g)z)/x)Y φW (Y (R(g)u, χ(g)z)R(g)v, x)
=Resx1x
−1
1 δ
(
φ(x, χ(g)z)
x1
)(
f(x1/x)Y
φ
W (R(g)u, x1)Y
φ
W (R(g)v, x)
)
=Resx1x
−1
1 δ
(
φ(x, χ(g)z)
x1
)(
f(x1/x)Y
φ
W (u, χφ(g)
−1x1)Y
φ
W (v, χφ(g)
−1x)
)
=Resx1x
−1
1 δ
(
φ(χφ(g)
−1x, z)
χφ(g)−1x1
)(
f(x1/x)Y
φ
W (u, χφ(g)
−1x1)Y
φ
W (v, χφ(g)
−1x)
)
=f(φ(χφ(g)
−1x, z)/χφ(g)
−1x)Y φW (Y (u, z)v, χφ(g)
−1x)
=f(φ(x, χ(g)z)/x)Y φW (Y (u, z)v, χφ(g)
−1x).
Multiplying both sides by f(φ(x, χ(g)z)/x)−1 in C((x))((z)), we get
Y φW (R(g)Y (u, z)v, x) = Y
φ
W (Y (u, z)v, χφ(g)
−1x).
This proves that unv ∈ V
′ for u, v ∈ V ′, n ∈ Z. Hence, V ′ is a nonlocal vertex
subalgebra of V . As S ⊂ V ′ by assumption, we must have V ′ = V . Therefore, W is
a (G, χφ)-equivariant φ-coordinated quasi V -module. 
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In the following, we shall get a refinement of Theorem 2.13 in terms of (G, χ)-
module nonlocal vertex algebras and (G, χφ)-equivariant φ-coordinated quasi mod-
ules. Let W be a vector space and let G be a subgroup of C×. For g ∈ G, define a
linear automorphism Rg of E(W ) by
Rg(a(x)) = a(g
−1x) for a(x) ∈ E(W ).(3.9)
This gives a group homomorphism R from G to GL(E(W )).
Let φ(x, z) = exp(zp(x) d
dx
)x with
p(x) =
{
xr+1 if |G| =∞
xr+1p0(x
m) if |G| = m,
(3.10)
where r ∈ Z, p0(x) ∈ C[[x]] such that p0(0) 6= 0. Take χφ to be the natural
embedding of G into C×, i.e.,
χφ(g) = g for g ∈ G.(3.11)
Then using χφ we define a linear character χ : G→ C
× by (3.6), i.e.,
χ(g)−1 =
p(χφ(g)x)
χφ(g)p(x)
=
p(gx)
gp(x)
for g ∈ G.(3.12)
More explicitly, we have
χ(g) = g−r for g ∈ G.(3.13)
We also have
φ(g−1x, x0) = g
−1φ(x, χ(g)x0) for g ∈ G.(3.14)
Definition 3.10. A subset U of E(W ) is said to be G-quasi compatible if for any
finite sequence a1(x), a2(x), . . . , ak(x) ∈ U , there exists f(x) ∈ CG[x] such that( ∏
1≤i<j≤k
f(xi/xj)
)
a1(x1)a2(x2) · · ·ak(xk) ∈ Hom(W,W ((x1, . . . , xk))).
From definition, it is clear that any G-quasi compatible subset of E(W ) is quasi
compatible. Let U be a G-quasi compatible subset of E(W ). In view of Theorem
2.13, U generates a nonlocal vertex algebra 〈U〉φ with W as a φ-coordinated quasi
module. The following is a refinement of Theorem 2.13:
Theorem 3.11. Let W be a vector space and let G be a subgroup of C×. Assume
that U is a G-quasi compatible subset of E(W ), which is G-stable. Then the nonlocal
vertex algebra 〈U〉φ together with the group homomorphism R defined in (3.9) is a
(G, χ)-module nonlocal vertex algebra and W is a (G, χφ)-equivariant φ-coordinated
quasi 〈U〉φ-module with YW (a(x), z) = a(z) for a(x) ∈ 〈U〉φ.
Proof. Let (a(x), b(x)) be any quasi-compatible pair in E(W ). Then for any g, h ∈ G,
(a(gx), b(hx)) is a quasi-compatible pair in E(W ). More specifically, assume that
f(x) is a nonzero polynomial such that
f(x1/x2)a(x1)b(x2) ∈ Hom(W,W ((x1, x2))).
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Then
f(gh−1x1/x2)a(gx1)b(hx2) ∈ Hom(W,W ((x1, x2))).
From definition we have
(
f(x1/g
−1x)a(x1)b(g
−1x)
)
|x1=φ(g−1x,x0) = f(φ(g
−1x, x0)/g
−1x)Rg
(
Y φE (a(x), x0)b(x)
)
.
(3.15)
Using (3.14) and (3.15) we get
f(φ(x, χ(g)x0)/x)Rg
(
Y φE (a(x), x0)b(x)
)
= f(φ(g−1x, x0)/g
−1x)Rg
(
Y φE (a(x), x0)b(x)
)
=
(
f(x1/g
−1x)a(x1)b(g
−1x)
)
|x1=g−1φ(x,χ(g)x0)
=
(
f(x1/x)a(g
−1x1)b(g
−1x)
)
|x1=φ(x,χ(g)x0)
= f(φ(x, χ(g)x0)/x)Y
φ
E (Rg(a(x)), χ(g)x0)Rg(b(x)),
which implies
Rg
(
Y φE (a(x), x0)b(x)
)
= Y φE (Rg(a(x)), χ(g)x0)Rg(b(x)).(3.16)
As U is G-stable and 〈U〉φ as a nonlocal vertex algebra is generated by U , it follows
from (3.16) that Rg preserves 〈U〉φ for every g ∈ G. It also follows from (3.16) that
the nonlocal vertex algebra 〈U〉φ together with the group homomorphism R is a
(G, χ)-module nonlocal vertex algebra.
From Theorem 2.13, W is naturally a φ-coordinated quasi 〈U〉φ-module. For
a(x) ∈ 〈U〉φ, g ∈ G, we have
YW (Rga(x), z) = YW (a(g
−1x), z) = a(g−1z) = YW (a(x), g
−1z) = YW (a(x), χφ(g)
−1z).
On the other hand, following the proof of [Li8, Proposition 4.9], we see that 〈U〉φ is
also G-quasi compatible. Therefore, W is a (G, χφ)-equivariant φ-coordinated quasi
〈U〉φ-module. 
4. φ-coordinated quasi modules for lattice vertex algebras
In this section, we shall use the general results in Section 3 and a result of Lep-
owsky to construct φ-coordinated quasi modules for lattice vertex algebras.
4.1. Lattice vertex algebras. In this subsection, we recall the construction of
vertex algebras associated to non-degenerate even lattices and some results involving
the associative algebra A(L) introduced in [LL].
We start by briefly recalling the construction of lattice vertex algebras. (For a
detailed exposition, see [LL, Section 6.4–6.5] for example.) Let L be a finite rank
even lattice in the sense that L is a free abelian group of finite rank equipped with a
symmetric Z-valued bilinear form 〈·, ·〉 such that 〈α, α〉 ∈ 2Z for α ∈ L. We assume
that L is nondegenerate in the obvious sense. Set
h = C⊗Z L
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and extend 〈·, ·〉 to a symmetric C-valued bilinear form on h. View h as an abelian
Lie algebra with 〈·, ·〉 as a nondegenerate symmetric invariant bilinear form. Then
we have an affine Lie algebra ĥ. By definition,
ĥ = h⊗ C[t, t−1] + Ck
as a vector space, where k is central and
[α(m), β(n)] = mδm+n,0〈α, β〉k(4.1)
for α, β ∈ h, m, n ∈ Z with α(m) denoting α⊗ tm. Set
ĥ± = h⊗ t±1C[t±1],(4.2)
which are abelian Lie subalgebras. Identify h with h⊗ t0. Notice that the center of
ĥ equals h+ Ck. Furthermore, set
ĥ′ = ĥ+ + ĥ− + Ck,(4.3)
which is a Heisenberg algebra. Then ĥ = ĥ′⊕h, which is a direct sum of Lie algebras.
Denote by Lo the dual lattice of L, i.e.,
Lo = {α ∈ h | 〈α, β〉 ∈ Z for β ∈ L}.(4.4)
Fix a positive integer s such that
s〈α, β〉 ∈ Z for α, β ∈ Lo.
Furthermore, set ω = eπi/s, the principal primitive 2s-th root of unity.
Let ǫ : Lo × Lo → C× be a 2-cocycle such that
ǫ(α, β)ǫ(β, α)−1 = ωs〈α,β〉,
ǫ(α, 0) = 1 = ǫ(0, α)
for α, β ∈ Lo. Such a 2-cocycle ǫ indeed exists (cf. Remark 6.4.1, [LL]). Note that
ωs〈α,β〉 = (−1)〈α,β〉 if 〈α, β〉 ∈ Z.
Let Cǫ[L
o] be the ǫ-twisted group algebra of Lo, which by definition has a desig-
nated basis {eα | α ∈ L
o} with eα · eβ = ǫ (α, β) eα+β for α, β ∈ L
o. We make Cǫ[L
o]
an ĥ-module by letting ĥ′ act trivially and letting h act by
heβ = 〈h, β〉eβ for h ∈ h, β ∈ L
o.(4.5)
For α ∈ L, define a linear operator zα : Cǫ[L
o]→ Cǫ[L
o][z, z−1] by
zα · eβ = z
〈α,β〉eβ for β ∈ L
o.(4.6)
Recall that the canonical irreducible module for the Heisenberg algebra ĥ′ of level
1 is isomorphic to S(ĥ−) as an ĥ−-module. Then we view S(ĥ−) as an ĥ-module of
level 1 with h acting trivially. Set
VLo = S(ĥ
−)⊗ Cǫ[L
o],(4.7)
the tensor product of ĥ-modules. Then VLo is an ĥ-module of level 1. More generally,
for any subset K of Lo, we define
VK =
∑
α∈K
S(ĥ−)⊗ Ceα ⊂ VLo ,
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which is an ĥ-submodule of VLo.
Set
1 = e0 ∈ Cǫ[L
o] ⊂ VLo.
Identify h and Cǫ[L
o] as subspaces of VLo via a 7→ a(−1)⊗1 (a ∈ h) and eα 7→ 1⊗eα
(α ∈ Lo). For α ∈ h, set
α(z) =
∑
n∈Z
α(n)z−n−1 ∈ E(VLo).(4.8)
For any a(x), b(x) ∈ E(VLo), define normally ordered product
◦
◦
a(x)b(x) ◦
◦
= a(x)+b(x) + b(x)a(x)−,(4.9)
where a(x)+ =
∑
n<0 anx
−n−1 and a(x)− =
∑
n≥0 anx
−n−1. Define a linear map
Y (·, z) : VL → (EndVLo)[[z, z
−1]](4.10)
by
Y (α, z) = α(z),
Y (eα, z) = exp
(∑
n>0
α(−n)
n
zn
)
exp
(
−
∑
n>0
α(n)
n
z−n
)
eαz
α,
Y (α
(1)
−n1−1
· · ·α
(r)
−nr−1eα, z) =
◦
◦
∂(n1)z α
(1)(z) · · ·∂(nr)z α
(r)(z)Y (eα, z) ◦◦ ,
where r ≥ 0, n1, . . . , nr ≥ 0 and α
(1), . . . , α(r), α ∈ L. Then (VL, Y, 1) carries the
structure of a vertex algebra (see [Bo], [FLM]). Set
ω =
d∑
i=1
u(i)(−1)u(i)(−1)1 ∈ VL,(4.11)
where u(1), . . . , u(d) is an orthonormal basis of h, and furthermore, set
Y (ω, x) =
∑
n∈Z
L(n)x−n−1.
Then
[L(m), L(n)] = (m− n)L(m+ n) +
d
12
(m3 −m)δm+n,0(4.12)
form,n ∈ Z, VL is Z-graded by the eigenvalues of L(0), called the conformal weights,
and
Y (L(−1)v, x) =
d
dx
Y (v, x) for v ∈ VL.
Especially, we have
L(0)h = h, L(0)eα =
1
2
〈α, α〉eα(4.13)
for h ∈ h, α ∈ L. On the other hand, VLo is a VL-module and for any λ ∈ L
o, Vλ+L
is an irreducible VL-module.
Furthermore, we have (see [D1], [DLM, Theorem 3.16]):
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Proposition 4.1. Let L be a nondegenerate even lattice. Then every VL-module is
completely reducible and any irreducible VL-module is isomorphic to Vλ+L for some
λ ∈ Lo. Furthermore, for each α ∈ L, α(0) acts semi-simply with only integer
eigenvalues on every VL-module.
Now, we recall the associative algebra A(L) associated to VL (see [LL, Section
6.5]). By definition, A(L) is the associative algebra with unit 1 generated by
{h[n], eα[n] | h ∈ h, α ∈ L, n ∈ Z}, subject to a set of relations written in terms of
generating functions:
h[z] =
∑
n∈Z
h[n]z−n−1, eα[z] =
∑
n∈Z
eα[n]z
−n−1.
The relations are
(AL1) e0[z] = 1,
(AL2) [h[z], h′[w]] = 〈h, h′〉
∂
∂w
z−1δ
(w
z
)
,
(AL3) [h[z], eα[w]] = 〈α, h〉eα[w]z
−1δ
(w
z
)
,
(AL4) [eα[z], eβ [w]] = 0 if 〈α, β〉 ≥ 0,
(AL5) (z − w)−〈α,β〉 [eα[z], eβ [w]] = 0 if 〈α, β〉 < 0,
for h, h′ ∈ h, α, β ∈ L. An A(L)-module W is said to be restricted if for every
w ∈ W , we have h[z]w, eα[z]w ∈ W ((z)) for all h ∈ h, α ∈ L.
The following result gives a connection between VL-modules and certain A(L)-
modules (see [LL, Section 6.5]):
Proposition 4.2. Let (W,YW ) be any VL-module. Then W is a restricted A(L)-
module with
h[z] = YW (h, z), eα[z] = YW (eα, z)
for h ∈ h, α ∈ L. Furthermore, the following relations hold on W for α, β ∈ L:
(AL6) ∂zeα[z] = ◦◦α[z]eα[z]
◦
◦
,
(AL7) Resx
(
(x− z)−〈α,β〉−1eα[x]eβ [z]− (−z + x)
−〈α,β〉−1eβ [z]eα[x]
)
= ε(α, β)eα+β[z].
On the other hand, let W be a restricted A(L)-module such that (AL6) and (AL7)
hold. Then W admits a VL-module structure which is uniquely determined by
YW (h, z) = h[z], YW (eα, z) = eα[z] for h ∈ h, α ∈ L,
where the module structure is explicitly given by
YW (h
(1)
−n1−1
· · ·h
(r)
−nr−1eα, z) =
◦
◦
∂(n1)z h
(1)[z] · · ·∂(nr)z h
(r)[z]eα[z] ◦◦
for r ≥ 0, h(i) ∈ h, ni ≥ 0 and α ∈ L.
On the other hand, we have the following universal property of VL:
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Proposition 4.3. Let V be a nonlocal vertex algebra and let ψ : h⊕ Cε[L]→ V be
a linear map such that ψ(e0) = 1, the relations (AL1-3) and (AL6) hold with
h[z] = Y (ψ(h), z), eα[z] = Y (ψ(eα), z) for h ∈ h, α ∈ L,
and such that the following relation holds for α, β ∈ L:
(x− z)−〈α,β〉−1eα[x]eβ [z]− (−z + x)
−〈α,β〉−1eβ[z]eα[x]
= ε(α, β)eα+β[z]x
−1δ
(z
x
)
.(4.14)
Then ψ can be extended uniquely to a nonlocal vertex algebra homomorphism from
VL to V .
Proof. From Proposition 4.2, VL is a restricted A(L)-module with h[z] = Y (h, z)
and eα[z] = Y (eα, z) for h ∈ h, α ∈ L. On the other hand, we deduce from relation
(4.14) that (AL4), (AL5) and (AL7) holds on V . Then V is an A(L)-module such
that (AL6) and (AL7) hold. For h ∈ h, we have
h[z]1V = YV (ψ
0(h), z)1V ∈ V [[z]],
which implies h[n]1V = 0 for n ≥ 0. It follows from [LL, Proposition 6.5.17] that
1 7→ 1V induces an A(L)-module isomorphism ψ from VL to A(L)1V . Notice that
ψ(h) = ψ(h[−1]1) = h[−1]ψ(1) = ψ0(h)−11V = ψ
0(h),
ψ(eα) = ψ(eα[−1]1) = eα[−1]ψ(1) = ψ
0(eα)−11V = ψ
0(eα)
for h ∈ h, α ∈ L. Thus ψ extends ψ0 and we have
ψ(Y (u, x)v) = ψ(u[x]v) = YV (ψ(u), x)ψ(v) for u ∈ h⊕ Cǫ[L], v ∈ VL.
As h + Cǫ[L] generates VL as a vertex algebra, it follows that ψ is a nonlocal ver-
tex algebra homomorphism. Therefore, ψ is an injective nonlocal vertex algebra
homomorphism, which extends ψ0. The uniqueness is clear. 
4.2. φ-coordinated quasi-modules for VL. In this subsection, we first generalize
the twisted vertex operators constructed in [L] and then construct φ-coordinated
quasi-modules for VL.
Let µ be an isometry of the lattice L with a period N , which are fixed throughout
this subsection. As in [L], assume∑
k∈ZN
〈µk(α), α〉 ∈ 2Z for α ∈ L.(4.15)
Recall h = C⊗ZL. We then view µ naturally as a linear automorphism of h, so that
〈µ(h), µ(h′)〉 = 〈h, h′〉 for h, h′ ∈ h.
Notice that for α, β ∈ L, we have
ǫ(µ(α), µ(β))ǫ(µ(β), µ(α))−1 = (−1)〈µ(α),µ(β)〉 = (−1)〈α,β〉 = ǫ(α, β)ǫ(β, α)−1.
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From [FLM, Proposition 5.4.1], µ can be lifted to an automorphism of Cǫ[L] of
period N such that µ(eα) ∈ 〈 ± 1〉eµ(α) for α ∈ L. From [L, Section 5], we can
assume that
µ(eα) = eα if µ(α) = α.(4.16)
The following is straightforward (cf. Proposition 4.3):
Lemma 4.4. There exists an automorphism µ̂ of VL which is uniquely determined
by
µ̂(h) = µ(h), µ̂(eα) = µ(eα) for h ∈ h, α ∈ L.(4.17)
Identify ZN with 〈µ̂〉 as an automorphism group of the vertex algebra VL. Set
ξ = exp(2πi/N),(4.18)
the principal primitive N -th root of unity.
Definition 4.5. Define a map ǫµ(·, ·) : L× L −→ C
× by
ǫµ(α, β) = ǫ(α, β)
∏
06=k∈ZN
(1− ξk)−〈α,µ
k(β)〉.(4.19)
It is straightforward to show that ǫµ is a 2-cocycle with ǫµ(α, 0) = 1 = ǫµ(0, α).
Furthermore, the commutator map of ǫµ is given by
cµ(α, β) = (−1)
〈α,β〉
∏
06=k∈ZN
(1− ξk)〈β,µ
kα〉−〈α,µkβ〉 =
∏
k∈ZN
(−ξk)〈µ
kα,β〉 =
∏
k∈ZN
(−ξk)−〈α,µ
kβ〉.
(4.20)
Associated to the 2-cocycle ǫµ, we have the twisted group algebra Cǫµ[L] which
has a basis {eµα | α ∈ L} with
eµα · e
µ
β = ǫµ(α, β)e
µ
α+β for α, β ∈ L.
Notice that cµ(µ(α), µ(β)) = cµ(α, β) for α, β ∈ L. Then µ can also be lifted to an
automorphism µ̂ on Cǫµ[L] (see [L, Section 5]) such that for α ∈ L,
µ̂(eµα) ∈ 〈ξ
′〉eµµ(α) and µ̂(e
µ
α) = e
µ
α if µ(α) = α.(4.21)
For the rest of this subsection, we assume
p(x) = xr+1p0(x
N ),(4.22)
where r ∈ Z and p0(x) ∈ C[x] with p0(0) 6= 0. Set φ(x, z) = exp(zp(x)∂x)x.
Recall (cf. [LL, Section 6]) that VL is a conformal vertex algebra, which is Z-
graded by the conformal weight. Especially, we have
zL(0)Y (u, x)z−L(0) = Y (zL(0)u, zx),(4.23)
L(0)h = h, L(0)eα =
1
2
〈α, α〉eα(4.24)
for u ∈ VL, h ∈ h, α ∈ L. On the other hand, µ̂ preserves the conformal vector, so
that [L(0), µ̂] = 0. Set
Lφ = ξ
−rL(0),(4.25)
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recalling that r is the integer in (4.22). Then we have
LφY (u, x)v = Y
(
Lφu, ξ
−rx
)
Lφv for u, v ∈ VL.(4.26)
We now fix a linear character
χφ : ZN → C
× with χφ([k]) = ξ
k.(4.27)
Set χ = χ−rφ , another linear character of ZN . More specifically, we have χ([k]) = ξ
−rk
for [k] ∈ ZN . Furthermore, we define a group homomorphism
R : ZN → GL(VL)
by
R(k) = µ̂kχ(k)L(0) = µ̂kξ−krL(0).(4.28)
Then (VL, R) is a (ZN , χ)-module vertex algebra.
In the following, we are going to construct (ZN , χφ)-equivariant φ-coordinated
quasi VL-modules. For h ∈ h, n ∈ Z, set
h(n) =
N∑
k=1
µk(h)ξ−nk ∈ h.(4.29)
We have
µh(n) = ξ
nh(n) and h =
1
N
(h(1) + · · ·+ h(N)).(4.30)
Recall that for n ∈ Z, we have
∑N
k=1 ξ
nk = 0 if n /∈ NZ. Set
h(0) = {h(0) | h ∈ h}, L(0) = {α(0) | α ∈ L},(4.31)
where h(0) is a subspace of h and L(0) is a subgroup of L.
Definition 4.6. Let T denote the category of L(0)-graded Cǫµ[L]-modules T =
⊕γ∈L(0)Tγ such that
eµαw ∈ T(α+β)(0) , µ̂(e
µ
α)w = ξ
−〈α(0),β〉−〈α(0),α〉/2eµαw(4.32)
for α, β ∈ L, w ∈ Tβ(0).
Note that all irreducible objects in category T were classified and constructed
explicitly in [L, Section 6].
Definition 4.7. We denote also by µ the automorphism of Lie algebra ĥ defined by
µ(k) = k, µ(h(n)) = ξ−nµ(h)(n) for h ∈ h, n ∈ Z.(4.33)
Denote by ĥµ the fixed-point subalgebra of ĥ under µ. For h ∈ h, n ∈ Z, set
hµ(n) = h(n)(n) =
∑
k∈ZN
(µkh)(n)ξ−nk ∈ ĥ.(4.34)
Then
ĥµ = span{hµ(n) | h ∈ h, n ∈ Z} ⊕ Ck,(4.35)
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where
[aµ(m), bµ(n)] = mδm+n,0〈a(m), b〉(Nk)(4.36)
for a, b ∈ h, m, n ∈ Z.
Set
(ĥµ)′ = span{hµ(n) | h ∈ h, n ∈ Z, n 6= 0} ⊕ Ck,(4.37)
which is a Heisenberg algebra. Identify h(0) as a subspace of ĥ
µ in the obvious way.
Then ĥµ = (ĥ
µ)′ ⊕ h(0), a direct sum of Lie algebras. Set
ĥ
µ
− = span{h
µ(−n) | h ∈ h, n ≥ 1},
an abelian subalgebra of (ĥµ)′. It was well known that there is an irreducible (ĥµ)′-
module structure of any nonzero level on S(ĥµ−). We here view S(ĥ
µ
−) as an ĥ
µ-
module of level 1/N with h(0) acting trivially.
Let T be an L(0)-graded Cǫµ[L]-module from the category T . We make T an
ĥµ-module by letting (ĥµ)′ act trivially and letting h(0) act by
h(0)w = 〈h(0), β〉w for h ∈ h, w ∈ T(β(0)), β ∈ L.
Set
VT = S(ĥ
µ
−)⊗ T,(4.38)
the tensor product of ĥµ-modules, which is of level 1/N .
For α ∈ L, set
Eµ±(α, x) = exp
∑
n∈Z±
αµ(n)
x−n
n
 ,(4.39)
where Z± denote the sets of positive (negative) integers. The following results can
be found in [L]:
Lemma 4.8. The following relations hold on VT for α, β ∈ L:
Eµ±(µα, x) = E
µ
±(α, ξ
−1x),(4.40)
Eµ+(α, x1)E
µ
−(β, x2) =
(∏
k∈ZN
(
1−
ξ−kx2
x1
)〈µkα,β〉)
Eµ−(β, x2)E
µ
+(α, x1).(4.41)
Definition 4.9. Let T be given as before. Define a linear map
Y 0T (·, x) : h⊕ Cǫ[L]→ (EndVT )[[x, x
−1]]
by
Y 0T (h, x) = p(x)
∑
m∈Z
hµ(m)x−m−1 = p(x)
∑
k∈ZN
ξkµk(h)(ξkx),(4.42)
Y 0T (eα, x) = E
µ
−(−α, x)E
µ
+(−α, x)eαx
α(0)p(x)
1
2
〈α,α〉x
1
2
〈α(0)−α,α〉(4.43)
for h ∈ h, α ∈ L.
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Note that for α ∈ L, we have α(0) =
∑
k∈ZN
µkα. Since
1
2
〈α(0), α〉 =
∑
k∈ZN
1
2
〈µkα, α〉 ∈ Z
by (4.15) and since 1
2
〈α, α〉 ∈ Z, we have 1
2
〈α(0) − α, α〉 ∈ Z.
Remark 4.10. We here give some simple facts. For α ∈ L, we have
∑
06=k∈ZN
〈µk(α), α〉 =
∑
k∈ZN
〈µk(α), α〉 − 〈α, α〉 = 〈α(0) − α, α〉,(4.44)
∑
06=k∈ZN
1
1− ξk
〈µk(α), α〉
=
1
2
( ∑
06=k∈ZN
1
1− ξk
〈µk(α), α〉+
∑
06=k∈ZN
1
1− ξ−k
〈µ−k(α), α〉
)
=
1
2
∑
06=k∈ZN
〈µk(α), α〉
(
1
1− ξk
+
1
1− ξ−k
)
=
1
2
∑
06=k∈ZN
〈µk(α), α〉
=
1
2
〈α(0) − α, α〉,(4.45)
∑
06=k∈ZN
ξk
1− ξk
〈µk(α), α〉 =
∑
06=k∈ZN
(
1
1− ξk
− 1
)
〈µk(α), α〉 =
1
2
〈α− α(0), α〉.
(4.46)
We have:
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Proposition 4.11. The following relations hold on VT for h, h
′ ∈ h, α, β ∈ L:
[Y 0T (h, x1), Y
0
T (h
′, x2)] =
∑
k∈ZN
〈µk(h), h′〉(p(x2)∂x2)p(x1)x
−1
1 δ
(
ξ−k
x2
x1
)
,
(4.47)
[Y 0T (h, x1), Y
0
T (eα, x2)] =
∑
k∈ZN
〈µk(h), α〉Y 0T (eα, x2)p(x1)x
−1
1 δ
(
ξ−k
x2
x1
)
,
(4.48)
∏
06=k∈ZN
(
x1/x2 − ξ
k
)−〈α,µk(β)〉(x1 − x2
p(x2)
)−〈α,β〉−1
Y 0T (eα, x1)Y
0
T (eβ, x2)
−
∏
06=k∈ZN
(
−ξk + x1/x2
)−〈α,µk(β)〉(−x2 + x1
p(x2)
)−〈α,β〉−1
Y 0T (eβ, x2)Y
0
T (eα, x1)
= ǫµ(α, β)Y
0
T (eα+β, x2)p(x1)x
−1
1 δ
(
x2
x1
)
.
(4.49)
Proof. The first relation holds as
[Y 0T (h, x1), Y
0
T (h
′, x2)]
=p(x1)p(x2)
∑
r¯,s¯∈ZN
1
N
〈µr¯(h), µs¯(h′)〉
∂
∂x2
x−11 δ
(
ξ s¯−r¯
x2
x1
)
=p(x1)p(x2)
∑
r¯,s¯∈ZN
1
N
〈µr¯−s¯(h), h′〉
∂
∂x2
x−11 δ
(
ξ s¯−r¯
x2
x1
)
=
∑
k∈ZN
〈µk(h), h′〉(p(x2)∂x2)p(x1)x
−1
1 δ
(
ξ−k
x2
x1
)
.
For h ∈ h, set
hµ±(x) =
∑
n∈Z±
hµ(n)x−n−1 =
∑
n∈Z±
∑
k∈ZN
ξ−nk(µkh)(n)x−n−1,(4.50)
hµ(0) =
∑
k∈ZN
(µkh)(0).(4.51)
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We have hµ±(x1), ∑
n∈Z∓
αµ(n)
x−n2
n

=−
∑
m∈Z±
∑
r,s∈ZN
1
N
〈µrh, µsα〉ξm(s−r)x−m−11 x
m
2
=−
∑
m∈Z±
∑
r,s∈ZN
1
N
〈µr−sh, α〉ξm(s−r)x−m−11 x
m
2
=−
∑
m∈Z±
∑
k∈ZN
〈µkh, α〉ξ−mkx−m−11 x
m
2
=−
∑
k∈ZN
〈µkh, α〉
ξkx−11
(x1/x2)±1 − ξk
.
Thus
[hµ+(x1), E
µ
−(−α, x2)] = E
µ
−(−α, x2)
∑
k∈ZN
〈µk(h), α〉
ξkx−11
x1/x2 − ξk
,
[hµ−(x1), E
µ
+(−α, x2)] = E
µ
+(−α, x2)
∑
k∈ZN
〈µk(h), α〉
ξkx−11
x2/x1 − ξk
.
We also have[
x−11 p(x1)
∑
k∈ZN
µk(h)(0), eα
]
= x−11 p(x1)
∑
k∈ZN
〈µk(h), α〉eα.
Then we get the second relation by using the identity
ξk
x1/x2 − ξk
+
ξk
x2/x1 − ξk
+ 1 = δ
(
ξ−kx2
x1
)
.
As for the last relation, we shall use (4.41). Note that
∏
k∈ZN
(
x1
x2
− ξk
)−〈α,µkβ〉
=
∏
k∈ZN
(
x1
x2
− ξ−k
)−〈µkα,β〉
=
∏
k∈ZN
(
1−
ξ−kx2
x1
)−〈µkα,β〉 ∏
k∈ZN
(
x2
x1
)〈µkα,β〉
=
(
x2
x1
)〈α(0),β〉 ∏
k∈ZN
(
1−
ξ−kx2
x1
)−〈µkα,β〉
(4.52)
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and that x
α(0)
1 e
µ
β = x
〈α(0),β〉
1 e
µ
βx
α(0)
1 . Using these and (4.41) we get∏
06=k∈ZN
(
x1/x2 − ξ
k
)−〈α,µk(β)〉(x1 − x2
p(x2)
)−〈α,β〉−1
Y 0T (eα, x1)Y
0
T (eβ, x2)
=
∏
k∈ZN
(
x1/x2 − ξ
k
)−〈α,µk(β)〉
x
−〈α,β〉
2 p(x2)
〈α,β〉+1Y 0T (eα, x1)Y
0
T (eβ, x2)(x1 − x2)
−1
=ǫµ(α, β)E
µ
−(−α, x1)E
µ
−(−β, x2)E
µ
+(−α, x1)E
µ
+(−β, x2)e
µ
α+βx
α(0)
1 x
β(0)
2 x
〈α(0)−α,β〉
2
× x
1
2
〈α(0)−α,α〉
1 x
1
2
〈β(0)−β,β〉
2 p(x1)
1
2
〈α,α〉p(x2)
1
2
〈β,β〉p(x2)
〈α,β〉+1(x1 − x2)
−1.
Similarly, we have∏
06=k∈ZN
(
−ξk + x1/x2
)−〈α,µk(β)〉(−x2 + x1
p(x2)
)−〈α,β〉−1
Y 0T (eβ, x2)Y
0
T (eα, x1)
=
∏
k∈ZN
(
−ξk + x1/x2
)−〈α,µk(β)〉
x
−〈α,β〉
2 p(x2)
〈α,β〉+1Y 0T (eβ, x2)Y
0
T (eα, x1)(−x2 + x1)
−1
=ǫµ(β, α)
∏
k∈ZN
(−ξk)−〈α,µ
kβ〉Eµ−(−α, x1)E
µ
−(−β, x2)E
µ
+(−α, x1)E
µ
+(−β, x2)e
µ
α+βx
〈β(0)−β,α〉
2
× x
α(0)
1 x
β(0)
2 x
1
2
〈α(0)−α,α〉
1 x
1
2
〈β(0)−β,β〉
2 p(x1)
1
2
〈α,α〉p(x2)
1
2
〈β,β〉p(x2)
〈α,β〉+1(−x2 + x1)
−1
=ǫµ(α, β)E
µ
−(−α, x1)E
µ
−(−β, x2)E
µ
+(−α, x1)E
µ
+(−β, x2)e
µ
α+βx
〈β(0)−β,α〉
2
× x
α(0)
1 x
β(0)
2 x
1
2
〈α(0)−α,α〉
1 x
1
2
〈β(0)−β,β〉
2 p(x1)
1
2
〈α,α〉p(x2)
1
2
〈β,β〉p(x2)
〈α,β〉+1(−x2 + x1)
−1.
Recall that
ǫµ(β, α)
∏
k∈ZN
(−ξk)−〈α,µ
kβ〉 = ǫµ(α, β).
Then using the fact (x1−x2)
−1−(−x2+x1)
−1 = x−11 δ(x2/x1) and the delta-function
substitution we obtain the last relation. 
Lemma 4.12. The following relations hold on VT for h ∈ h, α ∈ L:
Y 0T (µ(h), x) = ξ
rY 0T (h, ξ
−1x),
Y 0T (µ̂(eα), x) = ξ
1
2
〈α,α〉rY 0T (eα, ξ
−1x).
Proof. Note that p(ξ−1x) = ξ−r−1p(x). Using this we get
Y 0T (h, ξ
−1x) = p(ξ−1x)
∑
m∈Z
h(m)(m)(ξ
−1x)−m−1
=ξ−rp(x)
∑
m∈Z
ξmh(m)(m)x
−m−1 = ξ−rY 0T (µ(h), x),
proving the first relation. For the second relation, we first verify that it is true on
T . Let w ∈ T(β(0)) with β ∈ L. Recall the relation (4.32):
µ̂(eµα)w = ξ
−〈α(0),β〉−
1
2
〈α(0),α〉eµαw.
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Then we have
Y 0T (e
µ
α, ξ
−1x)w
=Eµ−(−α, ξ
−1x)Eµ+(−α, ξ
−1x)eµα(ξ
−1x)α(0)p(ξ−1x)
1
2
〈α,α〉(ξ−1x)
1
2
〈α(0)−α,α〉w
=ξ
1
2
〈α,α〉(−r)ξ−
1
2
〈α(0),α〉−〈α(0),β〉Eµ−(−µ(α), x)E
µ
+(−µ(α), x)e
µ
αx
α(0)p(x)
1
2
〈α,α〉x
1
2
〈α(0)−α,α〉w
=ξ
1
2
〈α,α〉(−r)Eµ−(−µ(α), x)E
µ
+(−µ(α), x)µˆ(e
µ
α)x
(µα)(0)p(x)
1
2
〈µα,µα〉x
1
2
〈(µα)(0)−µα,µα〉w
=ξ
1
2
〈α,α〉(−r)Y 0T (µ̂(e
µ
α), x)w,
noticing that µ̂(eα) = λeµ(α) with λ ∈ C
× and (µα)(0) = α(0). This shows that the
second relation holds on T . Since VT as an ĥ
µ-module is generated by T , it then
follows from (4.48) in Proposition 4.11 that the second relation holds on the whole
space VT . 
Let T be given as before. Set
UT =
{
Y 0T (u, x)
∣∣ u ∈ h+ Cǫ[L]}.
From the commutation relations in Proposition 4.11 we see that UT is a quasi S-local
subspace of E(VT ), in particularly, UT is quasi compatible. Then by Theorem 2.13,
UT generates a nonlocal vertex algebra 〈UT 〉φ naturally with VT as a φ-coordinated
quasi module.
Set
ΓN = {ξ
k | k ∈ Z} ⊂ C×.
From Proposition 4.11, we see that UT is ΓN -quasi compatible. On the other hand,
from Lemma 4.12, UT is ΓN -stable. Fix a linear character χφ : ZN → C
× with
χφ(k) = ξ
k, and we define a group homomorphism R : ZN → GL(E(VT )) by
R(k)(a(x)) = a(ξ−kx) = a(χφ(k)
−1x) for k ∈ ZN , a(x) ∈ E(VT ).(4.53)
Recall that χ : ZN → C
× with χ = χ−rφ . With this, by Theorem 3.11 we immediately
have:
Corollary 4.13. The nonlocal vertex algebra 〈UT 〉φ with the map R is a (ZN , χ)-
module nonlocal vertex algebra and VT is a (ZN , χφ)-equivariant φ-coordinated quasi
〈UT 〉φ-module with YW (a(x), z) = a(z) for a(x) ∈ 〈UT 〉φ.
Furthermore, we have:
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Lemma 4.14. Let h, h′ ∈ h and let α, β ∈ L. Then
[Y φE (Y
0
T (h, x), x1), Y
φ
E (Y
0
T (h
′, x), x2)] = 〈h, h
′〉
∂
∂x2
x−11 δ
(
x2
x1
)
,(4.54)
[Y φE (Y
0
T (h, x), x1), YE(Y
0
T (eα, x), x2)] = 〈h, α〉Y
φ
E (Y
0
T (eα, x), x2)x
−1
1 δ
(
x2
x1
)
,(4.55)
(x1 − x2)
−〈α,β〉−1Y φE (Y
0
T (eα, x), x1)Y
φ
E (Y
0
T (eβ , x), x2)
− (−x2 + x1)
−〈α,β〉−1Y φE (Y
0
T (eβ , x), x2)Y
φ
E (Y
0
T (eα, x), x1)
= ǫ(α, β)Y φE (Y
0
T (eα+β , x), x2)x
−1
1 δ
(
x2
x1
)
.(4.56)
Proof. Relations (4.54) and (4.55) follow immediately from (4.47–4.48) and Theorem
2.19. On the other hand, with relation (4.49), by Theorem 2.19 we have
ιx,x1,x2
∏
06=k∈ZN
(
φ(x, x1)/φ(x, x2)− ξ
k
)−〈α,µk(β)〉(φ(x, x1)− φ(x, x2)
p(φ(x, x2))
)−〈α,β〉−1
× Y φE (Y
0
T (eα, x), x1)Y
φ
E (Y
0
T (eβ, x), x2)
−ιx,x2,x1
∏
06=k∈ZN
(
φ(x, x1)/φ(x, x2)− ξ
k
)−〈α,µk(β)〉(−φ(x, x2) + φ(x, x1)
p(φ(x, x2))
)−〈α,β〉−1
× Y φE (Y
0
T (eβ , x), x2)Y
φ
E (Y
0
T (eα, x), x1)
=ǫµ(α, β)Y
φ
E (Y
0
T (eα+β , x), x2)x
−1
1 δ
(
x2
x1
)
.
Noticing that
φ(x, x1)− φ(x, x2)
(x1 − x2)p(φ(x, x2))
, φ(x, x1)/φ(x, x2)− ξ
k
for k 6= 0 in ZN are invertible elements of ∈ C((x))[[x1, x2]] and
lim
x1→x2
φ(x, x1)− φ(x, x2)
(x1 − x2)p(φ(x, x2))
= 1 and lim
x1→x2
(φ(x, x1)/φ(x, x2)− ξ
k) = 1− ξk,
we have (
φ(x, x1)− φ(x, x2)
(x1 − x2)p(φ(x, x2))
)m
x−11 δ
(
x2
x1
)
= x−11 δ
(
x2
x1
)
,
(
φ(x, x1)/φ(x, x2)− ξ
k
)m
x−11 δ
(
x2
x1
)
= (1− ξk)mx−11 δ
(
x2
x1
)
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for m ∈ Z. Then we get
(x1 − x2)
−〈α,β〉−1Y φE (Y
0
T (eα, x), x1)Y
φ
E (Y
0
T (eβ, x), x2)
− (−x2 + x1)
−〈α,β〉−1Y φE (Y
0
T (eβ , x), x2)Y
φ
E (Y
0
T (eα, x), x1)
=
( ∏
06=k∈ZN
(1− ξk)〈α,µ
k(β)〉
)
ǫµ(α, β)Y
φ
E (Y
0
T (eα+β, x), x2)x
−1
1 δ
(
x2
x1
)
=ǫ(α, β)Y φE (Y
0
T (eα+β, x), x2)x
−1
1 δ
(
x2
x1
)
,
recalling the definition of ǫµ (see (4.19)). This proves (4.56). 
We also have:
Lemma 4.15. The following relation holds in 〈UT 〉φ for α ∈ L:
Y 0T (α, x)
φ
−1Y
0
T (eα, x) = p(x)
d
dx
Y 0T (eα, x).(4.57)
Proof. Set αµ±(x) = p(x)
∑
n∈Z±
αµ(n)x−n−1. Notice that
[αµ+(x1), E
µ
−(−α, x2)] =
(∑
k∈ZN
〈α, µk(α)〉
ξkp(x1)x
−1
1
x1/x2 − ξk
)
Eµ−(−α, x2)
and
∏
k∈ZN
(x1/x− ξ
k) = (x1/x)
N − 1. Using these we have
((x1/x)
N − 1)Y 0T (α, x1)Y
0
T (eα, x)
= ((x1/x)
N − 1)
(
αµ−(x1)Y
0
T (eα, x) + Y
0
T (eα, x)α
µ
+(x1) + Y
0
T (eα, x)α
µ(0)p(x1)x
−1
1
+〈α(0), α〉Y
0
T (eα, x)p(x1)x
−1
1 +
∑
k∈ZN
Y 0T (eα, x)〈α, µ
k(α)〉
ξkp(x1)x
−1
1
x1/x− ξk
)
,
which lies in Hom(VT , VT ((x1, x))). Then
Y φE (Y
0
T (α, x), z)Y
0
T (eα, x)
=
(
(φ(x, z)/x)N − 1
)−1 [
((x1/x)
N − 1)Y 0T (α, x1)Y
0
T (eα, x)
] ∣∣∣∣∣
x1=φ(x,z)
=αµ−(φ(x, z))Y
0
T (eα, x) + Y
0
T (eα, x)α
µ
+(φ(x, z)) + Y
0
T (eα, x)α
µ(0)p(φ(x, z))φ(x, z)−1
+ 〈α(0), α〉Y
0
T (eα, x)p(φ(x, z))φ(x, z)
−1
+
∑
k∈ZN
Y 0T (eα, x)〈α, µ
k(α)〉
ξkp(φ(x, z))φ(x, z)−1
φ(x, z)/x− ξk
.
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(With φ(x, z) an invertible element of C((x))((z)),
(
(φ(x, z)/x)N − 1
)−1
is viewed
as an element of C((x))((z)).) Note that
Reszz
−1 ξ
kp(φ(x, z))φ(x, z)−1
φ(x, z)/x− ξk
=
{
1
2
p′(x)− p(x)x−1 if k = 0,
ξk
1−ξk
p(x)x−1 if k 6= 0.
Then we have
Y 0T (α, x)
φ
−1Y
0
T (eα, x)
= Reszz
−1Y φE (Y
0
T (α, x), z)Y
0
T (eα, x)
= αµ−(x)Y
0
T (eα, x) + Y
0
T (eα, x)α
µ
+(x) + Y
0
T (eα, x)α
µ(0)p(x)x−1
+Y 0T (eα, x)
(
1
2
〈α, α〉p′(x) + 〈α(0) − α, α〉p(x)x
−1 +
∑
06=k∈ZN
ξk
1− ξk
〈µk(α), α〉p(x)x−1
)
.
Using the simple facts in Remark 4.10, we obtain
Y 0T (α, x)
φ
−1Y
0
T (eα, x)
=Reszz
−1Y φE (Y
0
T (α, x), z)Y
0
T (eα, x)
=αµ−(x)Y
0
T (eα, x) + Y
0
T (eα, x)α
µ
+(x) + Y
0
T (eα, x)α
µ(0)p(x)x−1
+
1
2
〈α, α〉p′(x)Y 0T (eα, x) +
1
2
〈α(0) − α, α〉Y
0
T (eα, x)p(x)x
−1
=p(x)
d
dx
Y 0T (eα, x),
as desired. 
Now, we are in a position to present our main result of this section.
Theorem 4.16. Let T be an L(0)-graded Cǫµ[L]-module from category T . Then
there exists a (ZN , χφ)-equivariant φ-coordinated quasi VL-module structure YT (·, x)
on VT , which is uniquely determined by
YT (h, x) = Y
0
T (h, x), YT (eα, x) = Y
0
T (eα, x) for h ∈ h, α ∈ L.(4.58)
Furthermore, if T is an irreducible L(0)-graded Cǫµ[L]-module, then VT is an irre-
ducible φ-coordinated quasi VL-module.
Proof. First of all, it follows from the commutation relations in Lemma 4.14 that
〈UT 〉φ is in fact a vertex algebra. From Lemma 4.14, we see that the relations
(AL1-3) and (4.14) hold on 〈UT 〉φ with
h[z] = Y φE (Y
0
T (h, x), z), eα[z] = Y
φ
E (Y
0
T (eα, x), z) for h ∈ h, α ∈ L.
Noticing that p(x)∂x is the canonical derivation (the D-operator) of the vertex al-
gebra 〈UT 〉φ, using Lemma 4.15 we get
∂zY
φ
E (Y
0
T (eα, x), z) = Y
φ
E (p(x)∂xY
0
T (eα, x), z) = Y
φ
E (Y
0
T (α, x)
φ
−1Y
0
T (eα, x), z)
= ◦
◦
Y φE (Y
0
T (α, x), z)Y
φ
E (Y
0
T (eα, x), z)
◦
◦
.(4.59)
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Note that Y 0T (e0, x) = 1VT the vacuum vector of 〈UT 〉φ. By Proposition 4.3, there
exists a vertex algebra homomorphism ψ from VL to 〈UT 〉φ such that
ψ(h) = Y 0T (h, x), ψ(eα) = Y
0
T (eα, x) for h ∈ h, α ∈ L.
As VT is a φ-coordinated quasi 〈UT 〉φ-module with YW (a(x), z) = a(z) for a(x) ∈
〈UT 〉φ (by Corollary 4.13), it then follows that VT is a φ-coordinated quasi VL-module
with YT (u, z) = YW (ψ(u), z) for u ∈ VL. For h ∈ h, α ∈ L, we have
YT (h, z) = YW (ψ(h), z) = YW (Y
0
T (h, x), z) = Y
0
T (h, z),
YT (eα, z) = YW (ψ(eα), z) = YW (Y
0
T (eα, x), z) = Y
0
T (eα, z).
From Lemma 4.12 we have
Y 0T (R(k)h, x) = Y
0
T (h, χφ(k)
−1x), Y 0T (R(k)eα, x) = Y
0
T (eα, χφ(k)
−1x).(4.60)
Then
YT (R(k)h, z) = YT (h, χφ(k)
−1z), YT (R(k)eα, z) = YT (eα, χφ(k)
−1z).
As h + Cǫ[L] generates VL as a vertex algebra, by Lemma 3.9, VT is a (ZN , χφ)-
equivariant φ-coordinated quasi VL-module.
For the furthermore statement, from the construction of VT we see that any sub-
module of VT is stable under the actions of U(ĥ
µ) and Cǫµ[L]. Then it follows that
VT is irreducible if T is irreducible. 
References
[BLP] C.-M. Bai, H.-S. Li, and Y.-F. Pei, φǫ-Coordinated modules for vertex algebras, J.
Algebra 426 (2015), 211-242.
[BK] B. Bakalov and V. Kac, Field algebras, Internat. Math. Res. Notices 3 (2003), 123-159.
[Bo] R. E. Borcherds, Vertex algebras, Kac-Moody algebras, and the Monster, Proc. Natl.
Acad. Sci. USA 83 (1986), 3068-3071.
[D1] C. Dong, Vertex algebras associated with even lattices, J. Algebra 160 (1993), 245-265.
[D2] C. Dong, Twisted modules for vertex algebras associated with even lattices, J. Algebra
165 (1994), 91-112.
[DL1] C. Dong and J. Lepowsky, Generalized Vertex Algebras and Relative Vertex Operators,
Progress in Math., Vol. 112, Birkha¨user, Boston, 1993.
[DL2] C. Dong and J. Lepowsky, The algebraic structure of relative twisted vertex operators,
J. Pure Applied Algebra 110 (1996), 259-295.
[DLM] C. Dong, H. Li and G. Mason, Regularity of rational vertex operator algebras, Advances
in Math. 132 (1997), 148-166.
[EK] P. Etingof and D. Kazhdan, Quantization of Lie bialgebras, V, Selecta Math. (N.S.) 6
(2000), 105-130.
[FHL] I. B. Frenkel, Y.-Z. Huang, and J. Lepowsky, On axiomatic approaches to vertex operator
algebras and modules, Memoirs Amer. Math. Soc. 104, 1993.
[FLM] I. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator Algebras and the Monster,
Pure and Appl. Math., Vol. 134, Academic Press, Boston, 1988.
[H] M. Hazewinkel, Formal Groups and Applications, Pure and Appl. Math., Vol. 78, Lon-
don: Academic Press, 1978.
[L] J. Lepowsky, Calculus of twisted vertex operators, Proc. Natl. Acad. Sci. USA 82 (1985),
8295-8299.
43
[LL] J. Lepowsky and H.-S. Li, Introduction to Vertex Operator Algebras and Their Repre-
sentations, Progress in Math. 227, Birkha¨user, Boston, 2004.
[Li1] H.-S. Li, Axiomatic G1-vertex algebras, Commun. Contemporary Math. 5 (2003), 1-47.
[Li2] H.-S. Li, A new construction of vertex algebras and quasi modules for vertex algebras,
Advances in Math. 202 (2006), 232-286.
[Li3] H.-S. Li, Nonlocal vertex algebras generated by formal vertex operators, Selecta Math.
(N.S.) 11 (2005), 349-397.
[Li4] H.-S. Li, Constructing quantum vertex algebras, International Journal of Mathematics
17 (2006), 441-476.
[Li5] H.-S. Li, On certain generalizations of twisted affine Lie algebras and quasi-modules for
Γ-vertex algebras, J. Pure and Applied Algebra 209 (2007), 853-871.
[Li6] H.-S. Li, Twisted modules and quasi-modules for vertex operator algebras, in the Pro-
ceedings of the International Conference in honor of Professors James Lepowsky and
Robert Wilson, Contemporary Math. 422 (2007), 389-400.
[Li7] H.-S. Li, Quantum vertex F((t))-algebras and their modules, J. Algebra 324 (2010),
2262-2304.
[Li8] H.-S. Li, φ-coordinated quasi-modules for quantum vertex algebras, Commun. Math.
Phys. 308 (2011), 703-741.
[Li9] H.-S. Li, G-equivariant φ-coordinated quasi-modules for quantum vertex algebras, J.
Math. Phys. 54 (2013), 1-26.
[LTW] H.-S. Li, S. Tan and Qing Wang, Twisted modules for quantum vertex algebras, J. Pure
Applied Algebra 214 (2010), 201-220.
Department of Mathematics, North Carolina State University, Raleigh, NC
27695, USA
E-mail address : jing@math.ncsu.edu
Key Laboratory of Computing and Stochastic Mathematics (Ministry of Educa-
tion), School of Mathematics and Statistics, Hunan Normal University, Changsha,
China 410006
E-mail address : kongmath@hunnu.edu.cn
Department of Mathematical Sciences, Rutgers University, Camden, NJ 08102,
USA
E-mail address : hli@camden.rutgers.edu
School of Mathematical Sciences, Xiamen University, Xiamen, China 361005
E-mail address : tans@xmu.edu.cn
44
